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Phenomenology of the little Higgs model

Tao Han,* Heather E. Logan,† Bob McElrath,‡ and Lian-Tao Wang§
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We study the low-energy phenomenology of the little Higgs model. We first discuss the linearized effective
theory of the ‘‘littlest Higgs model’’ and study the low-energy constraints on the model parameters. We identify
sources of the corrections to low-energy observables, discuss model-dependent arbitrariness, and outline some
possible directions of extensions of the model in order to evade the precision electroweak constraints. We then
explore the characteristic signatures to test the model in the current and future collider experiments. We find
that the CERN LHC has great potential to discover the newSU(2) gauge bosons and the possible newU(1)
gauge boson to the multi-TeV mass scale. Other states such as the colored vectorlike quarkT and doubly
charged Higgs bosonF11 may also provide interesting signals. At a linear collider, precision measurements
on the triple gauge boson couplings could be sensitive to the new physics scale of a few TeV. We provide a
comprehensive list of the linearized interactions and vertices for the littlest Higgs model in the appendices.
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I. INTRODUCTION

One of the major motivations for physics beyond the st
dard model~SM! is to resolve the hierarchy and fine-tunin
problems between the electroweak scale and the Pla
scale. Supersymmetric theories introduce an extended sp
time symmetry and quadratically divergent quantum corr
tions are canceled due to the symmetry between the bos
and fermionic partners. This naturally stabilizes the el
troweak scale against the large corrections in the ultravi
~UV! regime. Technicolor theories introduce new strong d
namics at scales not much above the electroweak scale,
defer the hierarchy problem. Theories with TeV scale qu
tum gravity reinterpret the problem completely by loweri
the fundamental Planck scale. Current and future colli
experiments will provide hints to tell us which may be t
ultimately correct path.

Recently, there has been a new formulation for the ph
ics of electroweak symmetry breaking, dubbed the ‘‘lit
Higgs’’ models @1–6#. The key ideas of the little Higgs
theory may be summarized by the following points:

~i! The Higgs fields are Goldstone bosons@7–13#, associ-
ated with some global symmetry breaking at a higher sc
LS ;

~ii ! The Higgs fields acquire a mass and become pse
Goldstone bosons via symmetry breaking~possibly radia-
tively! at the electroweak scale;

~iii ! The Higgs fields remain light, being protected by t
approximate global symmetry and free from 1-loop quadra
sensitivity to the cutoff scaleLS .

The scalar mass in a generic quantum field theory w
receive quadratically divergent radiative corrections all
way up to the cutoff scale. The little Higgs model solves t
problem by eliminating the lowest order contributions via t
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presence of a partially broken global symmetry. The non
ear transformation of the Higgs fields under this global sy
metry prohibits the existence of a Higgs boson mass term
the formm2uhu2. This can also be illustrated in a more intu
tive way: In addition to the standard model gauge boso
there is a set of heavy gauge bosons with the same ga
quantum numbers. The gauge couplings to the Higgs bos
are patterned in such a way that the quadratic diverge
induced by the SM gauge boson loops are canceled by
quadratic divergence induced by the heavy gauge boson
one loop level. One also introduces a heavy fermionic s
which couples to the Higgs field in a specific way, so that
1-loop quadratic divergence induced by the top-qu
Yukawa coupling to the Higgs boson is canceled. Furth
more, extra Higgs fields exist as the Goldstone boson m
tiplets from the global symmetry breaking.

It is interesting to note that, unlike the supersymme
relations between the bosons and fermions, the cancellat
of the quadratic divergence in the little Higgs model occ
between particles with the same statistics: divergences du
gauge bosons are canceled by new gauge bosons and
larly for the heavy quarks. A scale less than several TeV
the specification of the couplings to the Higgs boson
necessary requirements for the model to avoid fine-tun
These features could lead to distinctive experimental sig
tures, which is the subject for the current work. The pape
organized as follows. In Sec. II, we lay out a concrete mo
as proposed in Ref.@4#. We linearize the theory and discus
the important features. In Sec. III, we explore the charac
istic phenomenology of this model. Regarding the co
straints from the precision electroweak data, we explore
properties associated with the custodialSU(2) breaking and
the sources which lead to the large corrections to low-ene
observables in the model. We identify the arbitrariness
particular related to theU(1) sector. We then outline the
possible fine-tunings or directions of extensions of the mo
in order to evade the precision electroweak constraints.
also study the characteristic signals at the future collider
periments at the CERN Large Hadron Collider~LHC! and a
linear collider. We summarize our results in Sec. IV. W
©2003 The American Physical Society04-1
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present the detailed derivation and the Feynman rules of
littlest Higgs model in two appendixes.

II. FRAMEWORK OF THE LITTLEST HIGGS MODEL

An explicit model has been constructed based on the
of the little Higgs models, dubbed the ‘‘littlest Higgs mode
@4#. It begins withSU(5) global symmetry, with a locally
gauged subgroupG1^ G25@SU(2)1^ U(1)1# ^ @SU(2)2
^ U(1)2#. The phase transitions associated with the symm
try breaking in this model proceed in two stages:

~1! At scaleLS , the global symmetrySU(5) is spontane-
ously broken down to its subgroupSO(5) via a vacuum
expectation value~VEV! of order f. Naive dimensional
analysis @14–16# establishes a simple relationLS

;4p f . At the same time, the gauge symmetry@SU(2)
^ U(1)#2 is also broken into its diagonal subgrou
SU(2)L ^ U(1)Y , identified as the SM gauge group. Th
global symmetry breaking leaves 14 massless Golds
bosons which transform under the electroweak ga
group as a real singlet10, a real triplet30, a complex
doublet261/2 , and a complex triplet361. The real sin-
glet and the real triplet become the longitudinal comp
nents of the gauge bosons associated with the bro
gauge groups, giving them masses of the orderf, while
the complex doublet and the complex triplet rema
massless at this stage.

~2! The presence of gauge and Yukawa couplings that br
the global SO(5) symmetry will induce a Coleman
Weinberg@17# type potential for the remaining pseud
Goldstone bosons. In particular, it will give the compl
triplet a heavy mass of the orderf and give the neutra
component of the complex doublet a nonvanish
vacuum expectation valuev which in turn triggers the
electroweak symmetry breaking.

Before we lay out the effective field theory below th
scale ofLS for the littlest Higgs model, we note that som
matching procedure for the operators that are sensitive
physics at higher energies will eventually be need
Namely, one would need to consider the UV origin of t
theory aboveLS . We will not attempt to explore the UV
completion of the theory in this paper but rather refer
reader to some discussions in the literature@4,18#.

A. Scalar and gauge boson sector

1. Gauge bosons and pseudo Goldstone bosons

At the scaleLS , a VEV f breaks the assumed glob
SU(5) symmetry into its subgroupSO(5), resulting in 14
Goldstone bosons. The effective field theory of those Go
stone bosons is parametrized by a nonlinears model with a
gauge symmetry@SU(2)^ U(1)#2, spontaneously broken
down to the standard model gauge group. In particular,
Lagrangian will still preserve the full@SU(2)^ U(1)#2

gauge symmetry. The leading order dimension-two term
the nonlinears model can be written for the scalar sector
@4#
09500
he

a

e-

ne
e

-
en

ak

to
.

e

-

e

n

LS5
1

2

f 2

4
TruD mSu2. ~1!

The numerical coefficients have been chosen so that the
lar kinetic terms are canonically normalized. The covaria
derivative is defined as

DmS5]mS2 i (
j 51

2

@gj~WjS1SWj
T!1gj8~BjS1SBj

T!#.

~2!

To linearize the theory, one can expandS in powers of 1/f
around its vacuum expectation valueS0:

S5S01
2i

f S f† h†

A2
0232

h*

A2
0

h

A2

0232
hT

A2
f

D 1OS 1

f 2D , ~3!

whereh is a doublet andf is a triplet under the unbroken
SU(2). The appearance of theS0 breaks the local gauge
symmetry @SU(2)^ U(1)#2 into its diagonal subgroup
@SU(2)^ U(1)#SM , giving rise to mass of orderf for half of
the gauge bosons,

mW85
f

2
Ag1

21g2
25

g

2sc
f ,

mB85
f

2A5
Ag18

21g28
25

g8

2A5s8c8
f , ~4!

with the field rotation to the mass eigenstates given by

W5sW11cW2 , W852cW11sW2 ,

B5s8B11c8B2 , B852c8B11s8B2 . ~5!

The mixing angles are given by

s5
g2

Ag1
21g2

2
, s85

g28

Ag18
21g28

2
. ~6!

The W andB remain massless and are identified as the
gauge bosons, with couplings

g5g1s5g2c, g85g18s85g28c8. ~7!

The couplings ofW, W8 to two scalars are given by
4-2
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LS~W•W!5
g2

4 FWm
a Wbm2

~c22s2!

sc
Wm

a W8bmG
3Tr@h†hdab12f†fdab12saf†sbTf#

2
g2

4 FWm8
aW8amTr@h†h12f†f#

2
~c41s4!

2s2c2
Wm8

aW8bmTr@2saf†sbTf#G .

~8!

In the SM, the four-point couplings of the formWWh†h lead
to a quadratically divergent contribution to the Higgs bos
mass. In the littlest Higgs model, however, theW8W8h†h
coupling has an unusual form as seen in Eq.~8!, which
serves to exactly cancel the quadratic divergence in
Higgs mass arising from the seagull diagram involving aW
boson loop. Similarly, the couplings ofB, B8 to two scalars
are

LS~B•B!5g82FBmBm2
~c822s82!

s8c8
BmB8mG

3TrF1

4
h†h1f†fG2g82FBm8 B8mTrF1

4
h†hG

2
~c822s82!2

4s82c82
Bm8 B8mTr@f†f#G . ~9!

We see that theB8B8 coupling toh†h serves to exactly can
cel the quadratic divergence in the Higgs boson mass ari
from the seagull diagram involving aB boson loop. Note tha
terms of the formW]hh would not produce a quadratic d
vergence by power counting. This absence of the quad
cally divergent Higgs mass term at one-loop order can a
be understood by a set of global symmetries under which
Higgs doublet transforms nonlinearly and which is preser
partially by the various interactions in the effective Lagran
ian at scaleLS @4#.

This cancellation may not follow one’s intuition at firs
sight. It turns out that the appearance of the different s
between the twoSU(2)’s @or U(1)’s# can be traced back to
the unique pattern of gauge symmetry breaking. For
stance, the broken generators~associated withW8) are

Q8a5
1

Ag1
41g2

4 ~g1
2Q1

a2g2
2Q2

a!, ~10!

which do not satisfy the standardSU(2) commutation rela-
tions. Technically, this is the reason for the unusual nega
sign of the gauge couplings of the Higgs boson toW8 (B8).

2. Higgs bosons and the electroweak symmetry breaking

The electroweak symmetry breaking in this model is tr
gered by the Higgs potential generated by one-loop radia
corrections. The Higgs potential includes the parts gener
09500
n

e

ng

ti-
o
e
d
-

n

-

e

-
e

ed

by the gauge boson loops as well as the fermion loops. T
can be presented in the standard form of the Colem
Weinberg potential in terms ofMV

2(S) and M f
2(S). By ex-

panding the nonlinears-model fieldS as usual, we obtain
the Higgs potential

V5lf2f 2Tr~f†f!1 ilhfhf ~hf†hT2h* fh†!2m2hh†

1lh4~hh†!2, ~11!

where the coefficientslf2, lhfh , andlh4 are functions of
the fundamental parameters in this model~the gauge cou-
plings, top-quark Yukawa coupling, and two new coefficien
a,a8 in the Coleman-Weinberg potential!, as explicitly given
in Eq. ~A24! in Appendix A. There could exist importan
two-loop contributions to the Higgs potential. A term lik
LS

2h2/(16p2)2; f 2h2/(16p2) gives rise to a mass term fo
hh† which could be as large as the one-loop Colem
Weinberg potential contribution. We will not attempt t
evaluate these two-loop contributions explicitly in terms
model parameters. Instead, the Higgs mass parametem2

should be treated as anew free parameter of the order o
f 2/16p2.

Minimizing the potential to obtain the doublet and tripl
VEV’s v and v8, it is easy to arrive at a relation~see the
Appendix for details!:

lhfh

lh4

5
4lhfh

lf2

5
8v8

v
f

v
. ~12!

Diagonalizing the Higgs mass matrix, we obtain Hig
masses to the leading order

MF
2 .lf2f 2, mH

2 .2~lh42lhfh
2 /lf2!v252m2. ~13!

Note that we must havelf2.0 to avoid generating a triple
VEV of order f, in gross violation of experimental con
straints. Also, we must havelh4.lhfh

2 /lf2 in order to get
the correct vacuum for the electroweak symmetry break
~EWSB! with mH

2 .0. The masses of the triplet states a
degenerate at this order. We can further relate the masse

MF
2 5

2mH
2 f 2

v2

1

@12~4v8 f /v2!2#
. ~14!

We can thus express all four parameters in the Higgs po
tial, to leading order, in terms of the physical parameterf,
mH

2 , v, and v8. As a side product, we obtain a relatio
among the VEV’s by demanding the triplet mass squared
be positive definite,

v82

v2
,

v2

16f 2 . ~15!

It is informative to note that the couplings of the Higgs tri
let to the massive gauge bosons are relatively suppresse
v8/v; while the charged Higgs boson couplings to a pho
are of the full electromagnetic strength.
4-3
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Now let us estimate the naturalness bound on the scf
for keepingmH light. We have the generic expression for

mH
2 52m2.a1-loop

f 2

16p2
1a2-loop

f 2

16p2
, ~16!

with both a1-loop @we have absorbed a factor of log(16p2)
into the definition ofa1-loop] and a2-loop containing many
contributions~terms! from different interactions. Assuming
that there is no large cancellation andmH

2 is no less than 10%
of the magnitude of the largest term on the right-hand side
Eq. ~16!, we obtain a rough estimate of the natural scale

f <
4pmH

A0.1amax

.
8 TeV

Aamax
S mH

200 GeVD , ~17!

whereamax denotes the largest coefficient of the terms in E
~16! which could be of the order of 10.

3. Gauge boson mass eigenstates

The EWSB induces further mixing between the light a
heavy gauge bosons. The final mass eigenstates for
charged gauge bosons areWL ~light! andWH ~heavy!, with
masses to the order ofv2/ f 2 given by

MW
L
6

2
5mw

2 F12
v2

f 2 S 1

6
1

1

4
~c22s2!2D14

v82

v2 G , ~18!

MW
H
6

2
5mw

2 S f 2

s2c2v2
21D , ~19!

where the mass parametermw[gv/2 approaches the SM
W-boson mass whenf→`. Note that theWL mass gets a
correction at orderv2/ f 2, which will modify the relation
among theW mass,g, and GF . The neutral gauge boso
masses are similarly given by

MAL

2 50,

MZL

2 5mz
2F12

v2

f 2 S 1

6
1

1

4
~c22s2!2

1
5

4
~c822s82!2D18

v82

v2 G , ~20!

MAH

2 5mz
2sw

2 S f 2

5s82c82v2
211

xHcw
2

4s2c2sw
2 D ~21!

MZH

2 5mw
2 S f 2

s2c2v2
212

xHsw
2

s82c82cw
2 D , ~22!

wheremz[gv/(2cw) is the SM limit whenf→`. Again, the
ZL mass gets a correction at orderv2/ f 2. xH characterizes
the heavy gauge boson mixing and depends on the ga
couplings as given in Eq.~A35!.
09500
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The ratio of theWL and ZL boson masses~which are
identified as those experimentally observed!, to orderv2/ f 2,
is

MW
L
6

2

MZL

2
5cw

2F11
v2

f 2

5

4
~c822s82!224

v82

v2 G . ~23!

The breaking of the custodialSU(2) symmetry at order
v2/ f 2 in this model is manifest. The tree-level SM relatio
MW

2 /MZ
25cw

2 ~or r51) is no longer valid. This breaking o
the custodialSU(2) symmetry can be traced back to th
vacuum expectation value ofS. As shown in Eq.~A7!, the
O(1/f 2) term in the expansion has itsh†h VEV in the posi-
tion of the neutral component of the scalar triplet in t
O(1/f ) term in the expansion. Thus theh VEV acts like a
triplet VEV at orderv2/ f 2. TheU(1) gauge coupling of the
triplet also breaks the custodialSU(2) at the orderv82/v2. It
is also interesting to note that for the case of no mixings8
5c8 ~or g185g28) andv850, theW,Z mass ratio remains the
SM form. We will discuss the theoretical origin of the cu
todial SU(2) symmetry breaking in more detail in Sec. II C

B. Fermions and their interactions

1. Yukawa interactions

The standard model fermions acquire their mas
through the Higgs mechanism via Yukawa interactions. B
cause of its large Yukawa coupling to the Higgs field, the t
quark introduces a quadratic correction to the Higgs bo
mass of the orderyt

2LS
2/(16p2); f 2 and spoils the natural

ness of a light Higgs boson. In the littlest Higgs model@4#,
this problem is resolved by introducing a new set of hea
fermions with couplings to the Higgs field such that it ca
cels the quadratic divergence due to the top quark. The
fermions come in as a vectorlike pair,t̃ and t̃ 8c, with quan-
tum numbers (3,1)Yi

and (3̄,1)2Yi
. Therefore, they are al

lowed to have a bare mass term which ischosento be of
order f. The coupling of the standard model top quark to t
pseudo Goldstone bosons and the heavy vector pair in
littlest Higgs model is chosen to be

LY5
1

2
l1f e i jkexyx iS jxSkyu38

c1l2f t̃ t̃ 8c1H.c., ~24!

wherex i5(b3 ,t3 , t̃ ) ande i jk andexy are antisymmetric ten-
sors. It is now straightforward to work out the Higgs-hea
quark interactions, as given in Appendix A 4. The most i
portant consequence is the cancellation of the quadratic
divergent corrections to the Higgs boson mass due
t3 , t̃ ,u38

c at the one-loop order explicitly seen in Eq.~A39!,

2 il1SA2h0t31 i f t̃ 2
i

f
h0h0* t̃ Du38

c1H.c.

This is due to the flavor~anti!symmetry introduced in Eq
~24!. The mass of the vectorlike quark is arbitrary in pri
ciple. It is chosen by hand asl2f to preserve naturalness.
4-4
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TABLE I. FermionU(1) hypercharge assignments required for fermion couplings to scalars to be in
ant under@SU(2)^ U(1)#1^ @SU(2)^ U(1)#2.

Q u8c dc L ec
t̃ t̃ 8c

Y1 2
3

102yu yu
3
5 1yu

3
102ye ye

1
5 2yu 2

1
5 1yu

Y2
7

151yu 2
2
3 2yu 2

4
152yu 2

4
5 1ye 12ye

7
151yu 2

7
152yu
ic
p

x,

w
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s
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so
is a tuning in this sense. However, once we make this cho
it is stable against radiative corrections. The new model
rametersl1 , l2 are supposed to be of the order of unity.

Expanding theS field and diagonalizing the mass matri
we obtain our physical statestL , tR

c , TL andTR
c with masses

Lf52mttLtR
c 2MTTLTR

c ~25!

where up to orderv2/ f 2 relative to the leading term,

mt5
il1l2

Al1
21l2

2 vH 11
v2

f 2 F2
1

3
1

f v8

v2

1
1

2

l1
2

l1
21l2

2 S 12
l1

2

l1
21l2

2D G J ,

MT52 fAl1
21l2

2@11O~v2/ f 2!#. ~26!

Since the top-quark mass is already known in the SM,
have the approximate relation

1

l1
2 1

1

l2
2 'S v

mt
D 2

~27!

which gives the absolute bounds on the couplings

l1>
mt

v
, l2>

mt

v
, or l1l2>2S mt

v D 2

. ~28!

The scalar interactions with the up-type quarks of the fi
two generations can be chosen to take the same form a
Eq. ~24!, except that there is no need for the extra vectorl
quarks t̃ , t̃ 8c. The interactions with the down-type quark
and leptons of the three generations are generated by a
lar Lagrangian, as given in Appendix A 4.

We choose the standard model fermions to be char
only underSU(2)1 with generatorQ1

a . The SU(2) gauge
invariance of Eq.~24! is transparent: The first term is actu
ally invariant under anSU(3) rotation under whichx i trans-
forms like a vector andS is transformed by a 333 unitary
rotation embedded in the upper corner of the 535 matrix.

The embedding of the twoU(1)’s in this model can also
be constructed by the gauge invariance ofLY . The basic
requirement is to reproduce the diagonalU(1)Y as the SM
hypercharge

Y11Y25Y. ~29!

Some remarks are in order:
09500
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~1! The gauge invariance of Eq.~24! underU(1)1^ U(1)2
dictates the hypercharge assignments of the fermio
which is the major difference between our scheme a
those in the literature@19,20#, where the SM fermions
are assumed to be charged only under oneU(1) gauge
group. Giving up the requirement of gauge invariance
U(1)1^ U(1)2 should be acceptable in principle, for ex
ample, by introducing extra fields breaking theU(1)’s at
a scaleLS . However, this is an additional complicatio
of the littlest Higgs model which may need extra arg
ments for its naturalness.

~2! The gauge invariance of Eq.~24! alone cannot unam
biguously fix all theU(1) charge values. We list them i
Table I. Two parametersyu and ye are undetermined
They can be fixed by requiring that theU(1) charge
assignments be anomaly free, i.e.,Y15xY, Y25(1
2x)Y. This leads to the particular values

yu52
2

5
, ye5

3

5
. ~30!

However, as an effective field theory below a cutoff, it
unnecessary to be completely anomaly free, althoug
is certainly a desirable property from a model buildin
point of view since we do not have to introduce a sp
cific type of extra matter at the cutoff scale. In this sen
yu and ye can be thought of as partially parametrizin
the model dependence of theU(1) sector of some exten
sion of the littlest Higgs model. In our current study, w
choose not to be limited by the requirement of anom
cancellation and indicate the anomaly free assignmen
a special case.

~3! It is convenient and simple to assume that the first t
generations of quarks also obtain their masses throug
coupling similar to the first term in Eq.~24!. However,
this requires some tuning of the parameters to get
correct fermion mass hierarchy. It is certainly no wor
than the tuning of the Yukawa couplings in the standa
model. On the other hand, it might be interesting to p
tulate that the mass terms of the first two generatio
actually come from higher dimensional operators of t
form q̄qO/LS

n , whereO is some operator obtaining
VEV of mass dimension (n11). The fields in operator
O can have different origins for different generation
Depending on its form and field content, we can ag
have some relations of theU(1) charge assignments dif
ferent from the third generation. In particular, if the o
eratorO is composed of the VEV’s of the pseudo Gol
stone bosons inS, some relations can be derive
However, these relations are much less constrained
4-5
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that we can effectively treat the hypercharge of the fi
two generations of fermions as free parameters with
only constraintY11Y25Y. If we further impose the
anomaly cancellation condition, we can assign only
discrete set of possible values.

With these possibilities in mind, the phenomenological stu
of the couplings of theU(1) currents may contain large un
certainties due to model dependence. We choose to stud
rather simple case in which all three generations obtain t
masses from the same type of gauge invariant operator a
first term in Eq.~24!.

2. Fermion gauge interactions

Assuming the fermions transform underG1^ G2 analo-
gous to the SM, the fermion gauge interactions can be c
structed in a standard way, as given in Appendix A. The S
weak-boson couplings to fermions receive corrections of
orderv2/ f 2, while the electromagnetic coupling remains u
changed, as required by the unbroken electromagnetic g
interaction. There are new heavy gauge bosons to med
new gauge interactions.

For the gauge couplings involving the top quark, we m
include the mixing between the chiralt3 and the vectorliket̃ .
Since these fermions have differentSU(2)^ U(1) quantum
numbers, their mixing will lead to flavor changing neutr
currents mediated by theZL boson formally at the order o

v/ f . The two right-handed fermions,u3
c and t̃ c, have the

same quantum numbers under the standard modelSU(2)
^ U(1) gauge groups, so that their mixing does not ca
any flavor changing neutral current~FCNC! gauge couplings
involving the light gauge bosons. A similar argument is a
plicable to the charged current, which gets modified as

J1m5
1

A2
@cL t̄ LgmbL1sLT̄LgmbL#, ~31!

wherecL , sL are given in Eq.~A44!. It is useful for future
phenomenological studies to write the mixing to orderv/ f as

sL.
l1

l2

mt

MT
. ~32!

We will also assume that the first two generations get th
masses through normal Yukawa couplings which reprodu
to the leading order inv/ f , the usual Cabibbo-Kobayash
Maskawa~CKM! matrix. However, because of the mixing o
the SU(2) doublet statet3 into the heavier mass eigensta
TL , the CKM matrix involving only the SM quarks is n
longer unitary and the leading deviation occurs at the or
v2/ f 2, as given by

Vtb5cLVtb
SM5Vtb

SMS 12
1

2

l1
2

l2
2

mt
2

MT
2D ,

VTb5sLVtb
SM5Vtb

SMl1

l2

mt

MT
. ~33!
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It is apparent from the Feynman rules in Appendix B how t
heavy fermionT couples to other particles.TRtLH has a
coupling of order 1~not suppressed by any powers ofv/ f ),
and the couplings to SM gauge bosons are formally s
pressed byv/ f . However, the couplings to the longitudinall
polarized gauge bosons gain an enhanced factorf /v, result-
ing in an effective coupling the same strength as that toH.
We will discuss the phenomenological implications in Se
III D.

C. On the SU„2… custodial symmetry

An immediate question for an extended model is the p
sible tree-level violation of theSU(2) custodial symmetry
and therefore potentially large deviations from the SM p
diction for the r parameter. We briefly touched upon th
issue when we presented theW,Z masses with Eq.~23!. We
now comment on the general features of little Higgs mod
in this regard, but will discuss the numerical constraints
the littlest Higgs model and the possible ways to evade
constraints in the next phenomenology section.

It is instructive to compare the littlest Higgs model wi
the Georgi-Kaplan composite Higgs model@10#. In that
model, which also has a global symmetry breaking patt
SU(5)→SO(5), only one of the SU(2) symmetries is
gauged while the other is used as theSU(2) custodial global
symmetry. Therefore, we might expect that the littlest Hig
model, where both of theSU(2)’s aregauged, will violate
the custodial symmetry that protects the tree-level relation
theW andZ masses, andr51. The absence of the custodi
SU(2) symmetry is indeed true: Within the framework
SU(5)→SO(5) and gauging bothSU(2) subgroups, it is
not possible to have another global custodialSU(2) symme-
try.

There are three sources of custodial symmetry violation
this model. First, it is very interesting to note that althou
the masses of both the SM-like gauge bosonsW and Z are
shifted due to their mixing with the heavySU(2) gauge
bosons, see e.g. thec2,s2 terms in Eqs.~18! and ~20!, the
mass ratio still remains unchanged from that in the stand
model. Therefore, gauging the secondSU(2) does not give
rise to tree-level corrections to the mass ratio. Howev
there are indeed some new tree-level contributions to
effective r parameter defined through the neutral curre
couplings, coming from the exchange of the new hea
gauge bosons which in turn induce new four-fermion int
actions.

Second, the twoU(1)’s in thelittlest Higgs model violate
the custodial symmetry. One combination of them is actua
the standard model hypercharge so the violation is simila
that in the standard model. However, the other combina
does introduce new tree-level custodial symmetry violati
It is interesting to compare it with the Georgi-Kaplan mod
@10#, where there is an explicitly conservedSU(2) custodial
symmetry broken only by the usualU(1)Y . One important
difference is that theU(1)A introduced in Ref.@10# to drive
the electroweak symmetry breaking is chosen to actually p
serve the custodialSU(2) symmetry. Therefore, in thei
model even radiative corrections from the newU(1) do not
4-6
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introduce new custodial symmetry violation.
Finally, the Higgs triplet coupling to theSU(2) gauge

bosons does not have theSU(2) custodial symmetry. How-
ever, for the parameter space of this model, the triplet o
gets a much smaller VEV (v8) than the doublet and th
correction from the triplet in the form ofv82/v2 is smaller
than that from the Higgs doublet VEV.

We will discuss the implications of the exchange of hea
SU(2)^ U(1) gauge bosons and the existence of the trip
VEV on the electroweak precision measurements, as we
possible modifications of the littlest Higgs model, in Se
III B 1.

III. PHENOMENOLOGY OF THE LITTLEST HIGGS
MODEL

We have presented a linearized theory based on the lit
Higgs model@4# and discussed some of its main features
would be ultimately desirable if some of its qualitative fe
tures can be experimentally verified. For this purpose,
explore the phenomenology in this section. We first summ
rize the model parameters and their relevant ranges. We
discuss the low energy constraints and possible direction
extension of the model to evade the constraints. With
possible and even desirable extensions of the model in m
we will focus our phenomenological studies on the gene
features which will likely be present even in some extensi
of the model. The existence of the heavy gauge boson
generic if the one-loop quadratic divergence is canceled
ing the little Higgs idea. The presence of the heavy fermio
is also a necessary ingredient to control the contribution
the top loop. For a model in which the Higgs doublet is
pseudo Goldstone boson resulting from a global symm
breaking, most likely the Higgs sector would not be minim
and extra scalar states will be present.

A. Parameters in the littlest Higgs model

1. Couplings

Due to the enlarged gauge group@SU(2)1^ U(1)1#
^ @SU(2)2^ U(1)2#, there are four gauge coupling
g1 , g2 , g18 , andg28 . Upon identifying the diagonal part a
the SM gauge group, whose couplings are experiment
determined, we obtain the relations

1

g1
2 1

1

g2
2 5

1

g2 '
1

0.43
,

1

g18
2

1
1

g28
2

5
1

g82
'

1

0.12
, ~34!

or equivalently given by Eq.~7!.
Top quark and heavy vectorlike quark couplingsl1 and

l2 are related to give the SM top Yukawa coupling a
thereby the correct top-quark mass. This is given by Eq.~27!
as

1

l1
2 1

1

l2
2 '2. ~35!

The proportionality constantsa anda8 in the EWSB sec-
tor from the Coleman-Weinberg potential, as discussed
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Appendix A2, remain as free parameters. They enter
Higgs potential which determines the Higgs boson mas
and their couplings. Their values again depend on the ma
ing condition performed at the scaleLS which in turn de-
pends on the details of the UV completion. Neither the lim
on a anda8 nor the direct measurements of both of them c
tell us directly what the UV completion is. However, som
numerical knowledge about them will give us very use
hints of the possible structure of the UV theory. As we w
discuss later, they can be traded for other physical observ
parameters.

2. Heavy masses

By construction, all of the new states~the heavy gauge
bosons, the vectorlike top quark, and the triplet Higgs bos!
acquire masses of the orderf, modulo their couplings to the
mass-generation sector. These mass terms were discuss
the previous section. To gain a qualitative understand
based on Eqs.~19!, ~21! and~22!, we approximate the mas
relations for the heavy gauge bosons as

MWH

2 'MZH

2 *mw
2 4 f 2

v2 , MAH

2 *mw
2 tan2uw

4 f 2

5v2
. ~36!

As for the heavy quark mass in Eq.~26!, we have

MT'
v
mt

l1l2f >
2mt

v
f . ~37!

The masses of the heavy triplet Higgs bosons are give
Eq. ~14!. At leading order all three physical statesF0, F1,
and F11 are degenerate in mass. The lower bound can
obtained as

MF*
A2 mH

v
f . ~38!

We plot the lower bounds on the masses in Fig. 1 versf
~top axis! or versusf /v ~bottom axis!. We see that theU(1)
gauge bosonAH can be as light as a few hundred GeV due
the weaker hypercharge coupling. TheSU(2) gauge bosons
WH and ZH are mass degenerate and are of the order o
TeV. The vectorlike new quarkT is typically heavier and is
easily in the range of multi-TeV. The bound onMF depends
on the light Higgs massmH . We obtain the lower bound by
assuming mH>115 GeV. The curve is indistinguishabl
from that ofMWH

.
To summarize this section, the new independent par

eters in the littlest Higgs model are listed as

~1! gauge couplingsg2 , g28 or equivalentlys, s8. For con-
venience in our phenomenological studies, we will ta

1

10
<cotu5

c

s
<2,

1

10
<tanu85

s8

c8
<2; ~39!

~2! the symmetry breaking scalesf and v8: These are
roughly related to the~approximate! SM VEV by v8/v
&v/4f ;
4-7
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~3! new couplings in the Higgs potentiala, a8 and them
parameter: In principle, these can be traded formH ~and
v, v8) after minimizing the potential;

~4! new top Yukawa couplingl2: we trade it forMT .

B. Low-energy effects

The little Higgs model contains new matter content a
interactions which will contribute to the electroweak pre
sion observables. Because of the excellent agreement
tween the standard model theory and the precision meas
ments at energies below the electroweak scale, one w
expect to put significant constraints on the little Higgs mo
els. Indeed, stringent constraints have been obtained in
cent studies@19,20#. Here we discuss the origin of some
the most stringent constraints, identify the arbitrariness
particular related to theU(1) sector, and suggest possib
ways to suppress those extra contributions either by tun
the parameters of the model or by extending it.

1. Low-energy constraints on and possible directions
of extension to the littlest Higgs model

We begin with a schematic review of how extra corre
tions from the little Higgs model may be computed. Wh
there are many parameters in the electroweak sector in
littlest Higgs model, we will use the measured values ofMZ ,
GF anda as input to the fit. Consider an electroweak pre
sion observableOi . In the standard model, it can be writte
as a functionOi

SM5Oi
SM(MZ ,GF ,a). We then express the

inputsMZ , GF anda in terms of the parameters in the littl
Higgs model such asv2/ f 2, c, etc., and thus obtain the ex
pressions for the measured values of standard model ob
ablesOi

SM as a function of the little Higgs model paramete
We then proceed to compute the same observables from
little Higgs model. In general, we will get a different func

FIG. 1. Theoretical lower bounds on the heavy state mas
versus the scalef /v ~bottom axis! or f in TeV ~top axis!. For MF ,
we obtain the lower bound by assumingmH>115 GeV; the long-
dashed curve is indistinguishable from that ofMWH

.
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tion of the parametersOi
LH5Oi

LH(v2/ f 2,c,etc.) due to the
fact that there are extra contributions to the electroweak p
cesses beyond the standard model. The difference,

dOi5Oi
LH~v2/ f 2,c,etc.!2Oi

SM~v2/ f 2,c,etc.!, ~40!

is then the correction of the electroweak observableOi re-
ceived from the little Higgs model.

The electroweak parameters in the little Higgs model a
~i! dimensionful parametersMWL

2 , MZL

2 , andGF ; ~ii ! dimen-

sionless parameters which are the corrections to the ve
and axial vector neutral current couplingsdgf f . An inspec-
tion of all thedgf f ’s indicates that they only contain correc
tions proportional toc2 at the orderv2/ f 2. However, depend-
ing on theU(1) charge assignments of the SM fermion
dgf f ’s may receive constant contributions. We find it info
mative to list the corrections to the electroweak parame
in a schematic manner according to the contributions fr
the SU(2)H , U(1)H , and from the triplet VEV, as given in
Table II. Obviously, all the corrections in this model come
at the order of v2/ f 2 or v82/v2. The corrections of
O(v82/v2) are smaller and can be easily estimated with
help of Eq.~15!. We will thus not study the impact ofv8 on
the electroweak precision physics further. We now disc
how the corrections show up in the electroweak precis
observables and consider how the corrections may be
pressed to evade the constraints from the electroweak p
sion measurements.

a. Effects of the SU(2)H gauge bosons. We cast the cor-
rections due to the exchange of the heavySU(2)H gauge

es

TABLE II. Extra contributions to the electroweak parameters
the littlest Higgs model. The first two columns denote the contrib
tions from the exchange of the heavy gauge bosons. The coeffic
25/4 in theU(1)H contribution to theZL mass is determined by th
U(1) charge assignment of the Higgs boson.dgf f collectively de-
notes the modification of the neutral current couplings of the S
fermions, including bothV and A couplings.Y1,2 are theU(1)
charge assignments of the SM fermions. The third column den
the contribution of the triplet VEV.

SU(2)H U(1)H ^f0&

MW
L
6

2
2

5

12

v2

f2
1c2s2

v2

f2
0 4

v82

v2

MZL

2
2

5

12

v2

f2
1c2s2

v2

f2
2

5

4

v2

f 2
~c822s82!2 8

v82

v2

GF
5

12

v2

f2
0 24

v82

v2

MZL

2 GF c2s2
v2

f2
2

5

4

v2

f2
~c822s82!2 4

v82

v2

dgf f }c2
v2

f2
}~2c82Y11s82Y2!

v2

f2
0

4-8
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bosons into two types, all proportional tov2/ f 2: ~i! constants
independent of the other model parameters;~ii ! corrections
proportional toc2. An important observation here is that th
dimensionless constantMZL

2 GF does not depend on the con

stant term proportional tov2/ f 2. Actually, in all of the three
dimensionful parametersMW

L
6

2
, MZL

2 , andGF , the constant

term is the same~up to a sign!. We also notice that the
correction todgf f due to the exchange of theSU(2)H gauge
bosons are all proportional toc2v2/ f 2. This is due to the fact
that the fermions transform underSU(2)1 but not under
SU(2)2. A more detailed study of the electroweak obse
ables shows thatthe constant part of SU(2) corrections to
the parameters does not contribute to the electroweak pr
sion observables.All of the SU(2)H corrections are therefor
proportional toc2. Contributions through the exchange
theSU(2)H gauge bosons can be thus suppressed system
cally by choosing a smallerc. This corresponds to making
significant difference between theSU(2)1^ SU(2)2 gauge
couplings,g1!g2.

b. Effects of the U(1)H gauge boson. Obviously, the re-
sults depend upon theU(1) charge assignments of the Higg
doublet (YH) and the SM fermions (Yf). It was assumed in
Refs.@19,20# that fermions are only charged under one of t
U(1)’s, and theHiggs doubletU(1) charge assignment i
kept as in the original littlest Higgs model. This gives rise
some of the most stringent constraints on the scalef from, for
example, GZ;GZ

SM(111.7v2/ f 2) and MW;MW
SM(1

10.89v2/ f 2) @19#, leading to the conclusion thatf is greater
than about 8 TeV even when bothc andc8 are small. There
indeed exist some partial cancellations, resulting inf
*4 TeV, which occurs nearc85s8. Scrutinizing the prop-
erties of the heavyU(1)H gauge bosonAH , one finds:

~1! Modification of theZL mass due to the mixing betwee
the heavy and light gauge bosons given in Eq.~A34!.
The correction to theZL boson mass is proportional t
(c822s82), and thus may be suppressed for minim

mixing c85s8, or equivalentlyg185g28 (xZ
B850).

~2! Modification of the neutral current due to exchange
the heavyAH gauge boson. As given in Eq.~A55!, the
AH coupling to fermions is proportional toc82Y1

2s82Y2. Therefore, one can minimize the corrections
neutral current processes due toAH exchange by setting
c82Y12s82Y250, or tan2u85Y1 /Y2.

~3! Modification of theZL boson couplings to fermions du
to mixing between the heavy and light gauge bosons.
given in Eq.~A55!, the correction to theZL coupling to
fermions is proportional to (c822s82)(c82Y12s82Y2).
Therefore, the corrections to theZL couplings to fermi-
ons are minimized for eitherc85s8 or c82Y12s82Y2

50.

Furthermore, one could consider combining the two con
tions above to yield more suppression. This implies thatY1
'Y2. This is the maximum cancellation of the extra cont
butions which can be achieved without changing theYH as-
signment. However, this optimal cancellation goes beyo
09500
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the simple choice of Table I, and can be achieved only
using an alternative form of the fermion Yukawa couplin
as discussed in Sec. II B 1.

In principle, changing theU(1) assignments of the Higg
doublet will also change the predictions for the electrowe
precision observables. In particular, the pattern (c82

2s82)v2/ f 2 in the expressions for theWL andZL masses is
a result of the particularU(1) assignments of the Higgs dou
blet in the original littlest Higgs model@4#. Altering the
Higgs U(1) charge assignments will certainly change th
expression and change the result of the electroweak prec
fit. However, theU(1) charge assignment of the origin
littlest Higgs model is fixed by the requirement that t
U(1)’s areembedded in the global symmetry groupSU(5).
Giving up the requirement that theU(1)’s areembedded in
theSU(5) will require the introduction of extraU(1) factors
beyond the original littlest Higgs model. This embeddi
also leads to the cancellation of the quadratically diverg
contributions to the Higgs mass due toU(1) gauge boson
loops. Giving up the cancellation of this quadratic dive
gence by changing theU(1) assignments of the Higgs dou
blet will make this model less natural.

We see from the discussions above that the contributi
to the electroweak precision observables can be suppre
by a certain tuning of the parameters of the little Hig
model. However, this situation is not satisfactory since
would like to have a natural mechanism without too mu
careful adjustment of the model parameters. This calls for
extension of the littlest Higgs model which can natura
give us some of the properties above. In particular, we wo
like a model which makes theU(1) structure more concret
so that some of the features discussed above can be rea
We may also try to get away from theU(1)H problem by
gauging just oneU(1) and identifying it withU(1)Y . This
U(1)Y will certainly regenerate the quadratic divergen
whose cancellation is one of the prime motivations of t
little Higgs model. It will make this model appear less nat
ral. However, numerically, this quadratic divergence
milder than that generated bySU(2) interactions and migh
be tolerable in considering the naturalness.

There is another way of extending this model which w
greatly improve the situation. One would like to have
model which explicitly preserves theSU(2) custodial sym-
metry, which will remove the constraint fromMW . The
model could also have some extended symmetries wh
give us the cancellation of the extra contributions to the el
troweak observables. This will require a significant enlarg
ment of the current model and thus spoil its ‘‘minimal’’ na
ture. However, in the light of the discussion above, so
enlargement of the original model seems desirable in orde
make it a more natural mechanism for electroweak symm
breaking.

With those possible extensions of the littlest Higgs mo
in mind, we will focus on studying some generic features
the little Higgs model. We will take the constraintsf
*4 TeV @19# or f *3.5 TeV@20# as a general guide, but wil
not be confined by them since some variations of the mo
to evade the bounds are quite conceivable.
4-9
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2. Triple gauge boson couplings

The triple gauge boson couplings can be written in
most general form@21#:

LWWV5 igWWVFg1
V~Wmn

1 W2m2W1mWmn
2 !Vn

1kVWm
1Wn

2Vmn1
lV

mW
2

Wm
1nWn

2rVr
mG , ~41!

where in the standard model the overall couplings
gWWg52e and gWWZ52ecw /sw , and g1

Z5g1
g5kZ5kg

51 and lZ5lg50. In the littlest Higgs model,lZ5lg
50 is maintained for all the gauge boson couplings. T
WL

1WL
2g couplings are not modified from their standa

model form. TheWL
1WL

2ZL couplings g1
Z and kZ receive

direct corrections only at orderv4/ f 4 from gauge boson mix-
ing. However, they receive corrections at orderv2/ f 2 when
written in terms of the SM inputsMZL

, GF anda:

g1
Z5kZ511

1

2~cw
2 2sw

2 !
S 1

4

v2

f 2
@211~c22s2!2

15~c822s82!2#24
v82

v2 D . ~42!

We see that there are several terms contributing to
anomalous coupling. If we assume that there is no accide
cancellation among them, we may get an order-magnit
bound on the scale parameters. Taking the current boun
roughly65% on the deviation from the SMDg1

Z , we obtain

f *
v

A435%
'2.3 v, v8&

A5% v
2

'10% v. ~43!

Although the bounds estimated onf andv8 are not close to
the expected natural sizes, it is conceivable that a fu
e1e2 linear collider will significantly improve the accurac
on the triple gauge boson coupling measurements, which
be as accurate as 102321024 @22#. This would reach usefu
sensitivity to the parameters in the little Higgs models, i
proving the bounds in Eq.~43! by more than an order o
magnitude, tof ;(15–50)v;3.5–12 TeV.

C. New heavy gauge bosons at the LHC

The heavySU(2) gauge bosons are crucial ingredien
for little Higgs models. The generic decay partial width for
vector to a fermion pair can be written as, ignoring the f
mion masses,

G~V→ f f̄ 8!5
C

12p
~gV

21gA
2 !MV , ~44!

whereC is the fermion color factor andgV , gA the vector
and axial vector couplings. As seen from the Feynman ru
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the new gauge boson couplings to the SM fermions dep
upon a mixing angle parametrized by cotu5c/s. To the lead-
ing order, we have

for ZH : gV52gA5
g

2
cotu T3 ;

for WH : gV52gA5
g

2A2
cotu. ~45!

The couplings are purely left-handed, and universal to
fermions. In particular, if the fermion masses can be ignor
the partial width to each species of fermion pair~one flavor
and one color! would be the same, that is proportional
MVcot2u.

A vector boson can be produced at hadron colliders
the Drell-Yan processqq̄8→V @23#, for which the production
cross section is proportional to the partial widthG(V
→qq̄8). We plot theZH production cross sections in Fig
2~a! versus its massMZH

at the Fermilab Tevatron and th

LHC energies, where cotu51 has been taken~the cross sec-
tion scales as cot2u). We first note that at the Tevatron energ
there is only a hope ifMZH

&1 TeV and cotu large, due to
the severe phase space suppression. On the other han
LHC could copiously produce the heavy vector states as
dicated on the right-hand scale of Fig. 2~a!. For instance,
about 30 000ZH of a mass 3 TeV may be produced annua
at the LHC. Thus the standard search for a mass peak in
di-lepton mass distribution of,1,2 or the transverse mas
distribution of ,n in the multi-TeV range could reveal a
unambiguous signal for the vector resonant states.

It is interesting to note that there is another compet
channel for the heavy gauge boson to decay, namely to
SM light gauge partner (VL) plus the Higgs boson. The pa
tial width for this channel is, ignoring the final state mass

G~V→VLH !5
g2cot22u

192p
MV . ~46!

We present the decay branching fractions forZH versus cotu
in Fig. 2~b!. The solid curve shows the branching fraction
the 3 generations of charged leptons, which is equal to tha
one flavor of a quark pair. The dashed curve is for the mo
of ZLH. We see that when cotu*1/2, the fermionic modes
dominate. Due to the universalSU(2) coupling, the branch-
ing fraction follows the equal partition. The channel to t
three pairs of charged leptons for instance approaches
from ZH which is equal to that tobb̄, and tot t̄ as well up to
a phase space factor, and 1/4 fromWH . This is a very dis-
tinctive feature to verify once a new gauge boson is fou
On the other hand, for cotu&0.25, the Higgs plus a SM
gauge boson channel becomes more significant. Howe
one should notice that the production cross section would
suppressed by a factor cot2u at the same time for the en
hancedVLH channels. The branching fraction is insensiti
to the heavy gauge boson mass.

In the littlest Higgs model, theU(1) gauge bosonAH is
typically light and could be the first signal of such a mod
4-10
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@20#. To explore its signature at colliders, we note first that
decay mode toZLH is given by the same formula as in E
~46!, but identifying the coupling and mixing asg→g8, u
→u8. The model dependence comes in when we cons
the fermion charges under theU(1) gauge groups. As we
discussed in detail in Sec. II B 1, we take the simplest
signment with the anomaly free condition for illustratio
whereye53/5, yu522/5. Figure 3~a! shows the total pro-
duction cross section at the Tevatron and the LHC ener
versus its massMAH

with tanu851. Figure 3~b! gives the

decay branching fractions forAH versus tanu8 with the same
hypercharge assignments and forMAH

51 TeV. Due to the
nonobservation of resonant lepton pair events in the h

FIG. 2. ~a! Total cross section forZH production versus its mas
MZH

at the Tevatron~dashed! and the LHC~solid! for cotu51. The
number of events expected per 300 fb21 luminosity is indicated on
the right-hand axis. The scalef corresponding to cotu51 is given
on the top axis;~b! ZH decay branching fractions versus cotu.
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mass region, one may conclude thatAH is excluded for a
mass lower than 500 GeV, which translates to a bound

f *3 TeV. ~47!

However, we notice the interesting feature discussed ea
in Sec. III B 1 thatAH may decouple from the SM fermion
depending on theU(1) charge assignments at a particu
value

tan2u85Y1 /Y2 . ~48!

In this case, the only channel thatAH couples to isZLH.
Indeed, because of the arbitrariness of the fermionU(1)

FIG. 3. ~a! Total cross section forAH production versus its mas
MAH

at the Tevatron~dashed! and the LHC~solid! for tanu851.
The number of events expected per 300 fb21 luminosity is indi-
cated on the right-hand axis. The scalef corresponding to tanu8
51 is given on the top axis;~b! AH decay branching fractions
versus tanu8. The fermion hypercharge assignments are fixed
the anomaly free condition.
4-11
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charge assignments, the prediction of theAH signal suffers
from large theoretical uncertainty. We further explore th
aspect by considering theAH decay branching fraction
when varying theU(1) charge values. Figure 4 gives th
decay branching fractions forAH ~a! versus theU(1) charge
ye with fixed yu520.4, and~b! versusyu with fixed ye
50.6. We do see substantial changes in the branching f
tions for different choices of the hypercharge. They can v
by as large as a factor of 50. The vertical dotted lines indic
the hypercharge values determined by the anomaly-free
dition, which we used in the previous figure. In summa
although the relatively lightAH gauge boson may give a
early signal at hadron colliders, with the arbitrariness of
U(1) charge assignments of the SM fermions, it can
serve as a robust signature for little Higgs models. It co
be possible even not to gauge theU(1), thus to get rid of
this massive gauge boson as commented in Sec. III B 1.
the other hand, if such aU(1) gauge bosons is observed

FIG. 4. AH decay branching fractions for tanu851 ~a! versus
the charged leptonU(1) hyperchargeye with fixed yu520.4, and
~b! versus up-quark hyperchargeyu with fixed ye50.6. The vertical
dotted lines indicate the hypercharge values determined by
anomaly free condition.
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future collider experiments, it could provide important i
sight for the gauge structure of the little Higgs models.

D. New top quark T at the LHC

The new colored vectorlike heavy fermionT is also a
crucial prediction in little Higgs models. Due to its heav
mass, it may only be produced at high energy hadron col
ers. Naively, the leading contribution seems to be from
QCD pair production

qq̄, gg→TT̄. ~49!

However, the phase space suppression of the multi-TeV m
becomes rather severe. In contrast, the singleT production
via W exchange int channel~or Wb fusion!

qb→q8T ~50!

falls off much more slowly with theT mass and takes ove
for MT larger than a few hundred GeV@24#. This is also
partially due to the enhanced coupling of the longitudina
polarized gauge bosons at higher energies. In Fig. 5 the c
sections of pair production ofTT̄ ~dashed line! and the single
T plus a jet production~solid and dotted! are presented ver
sus its massMT at the LHC energy. We see thatT1 jet pro-
duction dominates throughout the mass range of current
terest. The solid line is for the choicel15l2, while the
dotted lines are forl1 /l252 and 1/2. We see that for aT
with a 3-TeV mass, the cross section can be about 0.23
With an integrated annual luminosity of 300 fb21, this cor-
responds to about 70 events per year, as indicated on
right-hand axis. The other processes of singleT production
qq̄8→b̄T via s-channelW exchange and the associated pr
ductiongb→WLT are both much smaller.

he

FIG. 5. Total cross sections forTT̄ production~dashed! and T
1 jet production~solid and dotted! via t-channelW exchange versus
massMT at the LHC. The solid line is for the couplingsl15l2; the
dotted are forl1 /l252 and 1/2. The number of events expect
per 300 fb21 luminosity is indicated on the right-hand axis. Th
scalef corresponding tol15l2 is given on the top axis.
4-12
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Because of the unsuppressed coupling of the heavy toT
to the Higgs boson, and the enhanced couplings to the
gitudinally polarized gauge bosons~Goldstone bosons!,1 the
partial decay widths ofT are

G~T→tH !5G~T→tZ!5
1

2
G~T→bW!5

k2

32p
MT ,

~51!

with the couplingk5l1
2/Al1

21l2
2. Other decay channels ar

effectively suppressed byv2/ f 2. The total width ofT is then
given by

GT5
k2

8p
MT5

1

8p

l1
2

l2
2 S mt

v D 2

MT . ~52!

Unlike the SM top quark, whose total width scales asmt
3/v2,

the width ofT is linear in MT . Regarding the experimenta
signatures at colliders, all decay channels can be quite id
tifiable. Although the final stateT→bW takes about 50%
branching fraction, partly yielding a nice signal ofb jet
1,6 plus missing energy, the other channelsT→tH, tZ
may lead to distinctive signatures as well. TheZ boson in the
final state gives an unambiguous event identification via
leptonic decay, and the systemt(→bW)Z reconstructsMT .
The Higgs mode can be studied viat(→bW)H(→bb̄), re-
sulting in threeb jets, a charged lepton plus missing ener
Two of the b jets reconstructmH and the whole transvers
mass system reconstructs the largeMT . There is always a
spectator light quark jet (q8), accompanyingT, that can be
made use of as a forward tagging jet. However, there ma
substantial SM backgrounds too, such ast t̄ Z to the T→tZ

signal, andW14 QCD jets,t t̄→2b12 jets1leptons to the
T→tH signal. More detailed simulations would be needed
make a quantitative conclusion for theT observation.

If a T signal is observed at the LHC, one can deduce
mass scalef based on the relation Eq.~37!, leading tof max

5vMT /(2mt)'MT /A2, which is indicated in Fig. 5 on the
top axis. More precise determination can be made when
coupling l1 is measured through the production cross s
tion.

E. Higgs sector

The central feature of the model is to have a relativ
light neutral Higgs bosonH. The Higgs mass is typically o
the order ofv. If a Higgs boson is found with a mass great
than 140 GeV, it would imply some new physics differe
from weak-scale supersymmetry~SUSY!. However, the de-
viation of its properties from the minimal SM is rather sm
in the littlest Higgs model, generically of the order ofv2/ f 2,
i.e., at a percent level. It would thus be difficult to distingui
this model from the SM even whenH has been observed.
has been argued that at a high luminositye1e2 linear col-
lider, the determination ofWWH, ZZH can be at the 1% leve

1We thank M. Perelstein@25# for drawing our attention to this
point.
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@26#. Inspecting the gauge bosons-Higgs couplings in the
tlest Higgs model, we could anticipate a bound

f .
v

A331%
'1.4 TeV, ~53!

which may not add much new knowledge to our understa
ing of the model.

The would-be Goldstone boson multiplets after the glo
symmetry breaking are a necessary feature to result in
light Higgs boson, and they generically lead to addition
scalar multiplets beyond the SM Higgs doublet. In particul
the doubly charged Higgs stateF11 from the Higgs triplet
may serve as a good signal for this class of models if
coupling is not too small and if it is not too heavy to b
accessible at future colliders@27#. We illustrate this point by
considering the longitudinalWWscattering

WL
1WL

1→WL
1WL

1 , ~54!

which would receive a resonant contribution fromF11

→W1W1. Figure 6 presents the invariant mass distributi
for M (W1W1) at the LHC energy. The histograms give th
resonant structure forMF51.5 and 2 TeV respectively. Th
dashed curve is the continuum SMWL

1WL
1 background with

MH5120 GeV. We have used the effectiveW-boson ap-
proximation to compute the production rates. In the calcu
tion, we have imposed some cuts on theW transverse mo-
mentum and the rapidity as

pT.200 GeV,y,3. ~55!

The signal cross section is proportional tov82/v2. With the
coupling chosen to bev8/v50.1 as for Fig. 6, there are
about one- to two-hundred events near the peak for 300 f21

luminosity. Although the like-sign di-leptons may be a spe
tacular signal for a doubly charged resonance, there are

FIG. 6. Invariant mass distribution ofW1W1 at the LHC, in the
units of the number of events per bin~50 GeV! and per 300 fb21.
The dashed curve is forWL

1WL
1→WL

1WL
1 in the SM and the histo-

grams include the doubly charged Higgs contribution with two re
resentative mass valuesMF51.5, 2 TeV, forv8/v50.1.
4-13
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backgrounds to be separated. Standard techniques have
developed to identify theWL

1WL
1 signal over the back-

grounds@28#. We will not pursue further quantitative evalu
ation for the signal observability here.

IV. CONCLUSIONS

The little Higgs models represent a new approach
stabilizing the hierarchy between a relatively low cutoff sc
;10 TeV and the electroweak scale. By linearizing the ‘‘l
tlest Higgs model’’@4#, we laid out the full structure of the
theory to the order of 1/f 2, and discussed its couplings an
the mass parameters for the new contents beyond the
dard model~summarized in Sec. III A!. We explored the
symmetry properties in particular related to the custod
SU(2) breaking in the model~Sec. II C!. We also discussed
the arbitrariness of the model associated with theU(1)
charge assignments for the SM fermions, as well as for
Higgs doublet~Sec. III B 1!.

We have studied the phenomenological consequence
the little Higgs models. The current precision electrowe
measurements can put stringent bounds on the model pa
eters, typically for the scalef *3.5–4 TeV, modulo some
arbitrariness of theU(1) charge assignments of the SM pa
ticles. By a clever choice of the gauge coupling parame
and fermion hypercharge assignments, the extra contr
tions to the electroweak precision observables may be
nificantly suppressed, although even given the freedom
assigning the fermion charges, the particular choice is st
fine-tuning that needs to be justified by a suitable extens
of the model. Future precision measurements may fur
improve the constraints, while reasonable variations of
model associated with theU(1) sector should be kept in
mind.

We have also studied the collider phenomenology of
little Higgs model, concentrating on generic signatures t
are robust under variation of the details of the model.
found that the LHC has great potential to discover the n
SU(2) gauge bosons up to the multi-TeV mass scale. T
should serve as the ‘‘smoking gun’’ signature for the lit
Higgs model, especially if their unique decay branching fr
tions are measured to a good precision. The possible
U(1) gauge boson may be lighter and be observed earlie
hadron colliders, although its properties are less robus
reflect the little Higgs idea. The colored vectorlike quarkT is
also a unique prediction for little Higgs models, and it m
be produced singly throughWb→T at high energy hadron
colliders. It is however typically heavier. The doubly charg
Higgs boson may be the most impressive member of
Higgs sector along with the SM-like Higgs. It can be pr
duced singly via theW1W1→F11 channel and may pro
vide interesting signatures at the LHC. Precision meas
ments on the triple gauge boson couplings at hadron
especially at futuree1e2 linear colliders may also shed ligh
on the symmetry breaking scale up tof ;3.5–12 TeV. Due
to the relatively high energy scale of the little Higgs mode
multi-TeV lepton colliders would be desirable to explore t
new particles and study their properties in detail.
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APPENDIX A: LINEARIZED LAGRANGIAN

We lay out the linearized Lagrangian for the littlest Hig
model in this appendix. The effective nonlinear Lagrang
invariant under the local gauge groupG1^ G25@SU(2)1
^ U(1)1# ^ @SU(2)2^ U(1)2# can be written as

Le f f5LG1LF1LS1LY2VCW~S!, ~A1!

whereLG consists of the pure gauge terms;LF the fermion
kinetic terms;LS the s-model terms of the littlest Higgs
model; LY the Yukawa couplings of fermions and pseu
Goldstone bosons; andVCW(S) the Coleman-Weinberg po
tential, generated radiatively fromLS , LY . We now discuss
each individual term in detail. In order to obtain the effecti
Lagrangian in terms of the physical fields, we need to exp
the nonlinears model in a consistent fashion, which corr
sponds to expansion in 1/f .

1. LS : Scalar kinetic terms and the heavy gauge bosons

At the scaleLS;4p f , the VEV associated with the spon
taneous symmetry breaking proportional to the scalef is pa-
rametrized by the 535 symmetrical matrix@4#

S05S 1232

1

1232

D . ~A2!

Turning on this VEV breaks the assumed globalSU(5) sym-
metry into its subgroupSO(5). Theappearance of the con
densate also breaks the assumed local gauge symm
@SU(2)^ U(1)#2 into its diagonal subgroup@SU(2)
^ U(1)#SM . The scalar fields are parametrized by

S5eiP/ fS0eiPT/ f , ~A3!

that transforms under the gauge group as

S→S85USUT, ~A4!

where U5L1Y1L2Y2 is an element of the gauge group
Here f is the Goldstone boson decay constant, and the G
stone boson matrixP is expressed by

P5S h†/A2 f†

h/A2 h* /A2

f hT/A2
D , ~A5!

where the scalar field content consists of a doubleth and a
triplet f under the unbrokenSU(2)L ^ U(1)Y SM gauge
group
4-14
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h5~h1,h0!, f5S f11 f1

A2

f1

A2
f0 D . ~A6!

For phenomenological studies, it is important to linearize
effective Lagrangian and write it in terms of the couplings
gauge bosons andh, f. This can be achieved by expandin
S around its vacuum expectation value in powers of 1/f ,

S5S01
2i

f S f† h†

A2
0232

h*

A2
0

h

A2

0232
hT

A2
f

D
2

1

f 2 S h†h* A2f†hT h†h12f†f

A2hf† 2hh† A2h* f

hTh* 12ff† A2fh† hTh
D

1OS 1

f 3D . ~A7!

The leading order dimension-two term in the nonlinears
model can be written for the scalar sector as

LS5
1

2

f 2

4
TruD mSu2. ~A8!

The numerical coefficients have been chosen so that the
lar kinetic terms are canonically normalized. It is manifes
gauge invariant under G1^ G25@SU(2)1^ U(1)1#
^ @SU(2)2^ U(1)2# if the covariant derivative is defined a

DmS5]mS2 i (
j 51

2

@gj~WjS1SWj
T!1gj8~BjS1SBj

T!#,

~A9!

where theSU(2) gauge fields areWj5(a51
3 Wm j

a Qj
a with

Q1
a5S sa

2

0333

D , Q2
a5S 0333

2
sa*

2
D .

~A10!

Similarly, theU(1) gauge fields areBj5Bm jYj with
09500
e
f

ca-

Y15
1

10S 23

23

2

2

2

D ,

Y25
1

10S 22

22

22

3

3

D .

~A11!

The vacuum expectation value of theS field breaks the
@SU(2)^ U(1)#1^ @SU(2)^ U(1)#2 gauge symmetry down
to the diagonal subgroup, with the broken generators~asso-
ciated withW8)

Q8a5
1

Ag1
41g2

4 ~g1
2Q1

a2g2
2Q2

a! ~A12!

and the unbrokenSU(2)L ^ U(1)Y gauge generators

Qa5
1

A2
~Q1

a1Q2
a!, Y5Y11Y2 . ~A13!

The spontaneous gauge symmetry breaking thereby g
rise to mass terms of orderf for the gauge bosons

LS~mass!5
1

2

f 2

4
@g1

2W1m
a W1

am1g2
2W2m

a W2
am

22g1g2W1m
a W2

am#1
1

2

f 2

4

1

5
@g18

2B1mB1
m

1g28
2B2mB2

m22g18g28B1mB2
m#. ~A14!

We define

W5sW11cW2 , W852cW11sW2 ,

B5s8B11c8B2 , B852c8B11s8B2 ,
~A15!

where the mixing angles are given by

s5
g2

Ag1
21g2

2
, c5

g1

Ag1
21g2

2
,

s85
g28

Ag18
21g28

2
, c85

g18

Ag18
21g28

2
. ~A16!

The heavy gauge boson masses are then
4-15
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mW85
f

2
Ag1

21g2
25

g

2sc
f ,

mB85
f

2A5
Ag18

21g28
25

g8

2A5s8c8
f . ~A17!

The massless statesW andB are identified as the SM gaug
bosons, with couplings

g5g1s5g2c, g85g18s85g28c8. ~A18!

2. VCW : Effective Higgs potential and the electroweak
symmetry breaking

In the littlest Higgs model, the global symmetries preve
the appearance of a Higgs potential at the tree level. Inst
the Higgs potential is generated at one-loop and higher
ders due to interactions with the gauge bosons and fermi
The quadratically divergent contributions to this Colema
Weinberg potential are cut off by the scaleLS . In practice,
these are proportional toLS

2/16p2; f 2. The unknown ultra-
violet physics at the cutoff scaleLS is parametrized byO(1)
coefficientsa anda8.

The most important terms of the Coleman-Weinberg
tential can be parametrized as

V5lf2f 2Tr~f†f!1 ilhfhf ~hf†hT2h* fh†!

2m2hh†1lh4~hh†!2, ~A19!

where we neglect quartic terms involvingf4 andh2f2 since
they give only subleading contributions to the vacuum
pectation values and the scalar field masses.

The quadratically divergent contribution to the Colema
Weinberg potential from vector boson loops is@4#

La5
1

2
a f4H gj

2(
a

Tr@~Qj
aS!~Qj

aS!* #

1gj8
2Tr@~YjS!~YjS!* #J . ~A20!

Linearizing theS field, we obtain

La5
a

2
~g1

21g18
2!F f 2Tr~f†f!2

i f

2
~hf†hT2h* fh†!

1
1

4
~hh†!21•••G1

a

2
~g2

21g28
2!F f 2Tr~f†f!

1
i f

2
~hf†hT2h* fh†!1

1

4
~hh†!21••• G . ~A21!

The @SU(2)^ U(1)#1 interactions preserve theSU(3)2 glo-
bal symmetry in the lower 333 block of S, while the
@SU(2)^ U(1)#2 interactions preserve theSU(3)1 global
symmetry in the upper 333 block of S.

The quadratically divergent contribution to the Colema
Weinberg potential from fermion loops is@4#
09500
t
d,
r-
s.
-

-

-

-

-

L a852a8
1

4
l1

2f 4ewxeyze
i jkekmnS iwS jxS* myS* nz,

~A22!

wherei , j ,k,m,n run over 1,2,3 andw,x,y,z run over 4,5. To
fourth order inh and second order inf, this term leads to

L a858a8l1
2F f 2Tr~f†f!1

i f

2
~hf†hT2h* fh†!

1
1

4
~hh†!21•••G . ~A23!

The fermion interactions that give rise to this term prese
the SU(3)1 global symmetry in the upper 333 block of S,
so this contribution to the potential must have the same fo
as the term proportional to (g2

21g28
2) in Eq. ~A21!.

The coefficientslf2, lhfh andlh4 in Eq. ~A19! are there-
fore given by

lf25
a

2 F g2

s2c2
1

g82

s82c82G18a8l1
2 ,

lhfh52
a

4 Fg2
~c22s2!

s2c2
1g82

~c822s82!

s82c82 G14a8l1
2 ,

lh45
a

8 F g2

s2c2
1

g82

s82c82G12a8l1
25

1

4
lf2.

~A24!

Here we have neglected the log-divergent one-loop and q
dratically divergent two-loop contributions to the effectiv
couplings in Eq.~A24!. These are suppressed by a loop fa
tor 1/16p2 compared to the leading terms given here.

The coefficientm2 of the hh† term is a free parameter
since this term gets equally significant contributions from
one-loop log-divergent and two-loop quadratically diverge
parts of the Coleman-Weinberg potential. At one-loop ord
m2 gets a contribution from the log-divergent terms of ord
f 2log(LS

2/f2)/(16p2), giving a natural hierarchy between th
TeV scalef and the electroweak scale. At two-loop order,m2

gets a contribution from the quadratically divergent term
orderLS

2/(16p2)2; f 2/16p2, with an arbitrary coefficient of
order unity determined by the UV completion. We thus wr
the coefficient as a new free parameterm2; f 2/16p2.

For m2.0, this scalar potential triggers electroweak sy
metry breaking, resulting in the vacuum expectation valu
for the h andf fields: ^h0&5v/A2 and^ if0&5v8, with

v25
m2

lh42lhfh
2 /lf2

, v85
lhfh

2lf2

v2

f
. ~A25!

The gauge eigenstates of the Higgs fieldsh andf can be
written in terms of the mass eigenstates as follows:

h05~c0H2s0F01v !/A21 i ~cPG02sPFP!/A2,

f05~sPG01cPFP!/A22 i ~s0H1c0F01A2v8!/A2,

h15c1G12s1F1, f15~s1G11c1F1!/ i ,

f115F11/ i . ~A26!
4-16
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We use the following notation for the physical mass eig
states:H andF0 are neutral scalars,FP is a neutral pseudo
scalar,F1 and F11 are the charged and doubly charg
scalars, andG1 and G0 are the Goldstone bosons that a
eaten by the lightW andZ bosons, giving them mass. No
that in defining the mass eigenstates we have factored ou
i from f.

The mixing angles in the pseudoscalar and singly char
sectors are easily extracted in terms of the vacuum expe
tion values:

sP5
2A2v8

Av218v82
.2A2

v8

v
, cP5

v

Av218v82
.124

v82

v2
,

s15
2v8

Av214v82
.2

v8

v
, c15

v

Av214v82
.122

v82

v2
.

~A27!
s
e
e

09500
-

an

d
ta-

Diagonalizing the mass terms for the neutralCP-even scalars
gives the scalar mixing angles0 ,c0 to leading order inv/ f :

s0.2A2
v8

v
, c0.124

v82

v2
. ~A28!

Note that to leading orders05sP5A2s1;O(v/ f ).
To leading order, all of the tripletF states are degenera

in mass. The masses ofF andH are

MF
2 .lf2f 2, mH

2 .2~lh42lhfh
2 /lf2!v252m2.

~A29!
3. Gauge boson masses and mixing fromLS

After EWSB, the gauge sector gets additional mass and mixing terms due to theh andf VEVs. The full set of mass terms
after EWSB is

LS~masses!5
1

2
Wm8

aW8amFmW8
2

2
1

4
g2v2G1Wm

1W2mF1

4
g2v2S 12

v2

6 f 2
14

v82

v2 D G1
1

2
Wm

3 W3mF1

4
g2v2S 12

v2

6 f 2
18

v82

v2 D G
2Wm

a W8amF1

4
g2v2

~c22s2!

2sc G1
1

2
Bm8 B8m FmB8

2
2

1

4
g82v2G1

1

2
BmBmF1

4
g82v2S 12

v2

6 f 2
18

v82

v2 D G
2BmB8mF1

4
g82v2

~c822s82 !

2s8c8
G1Wm

3 BmF1

4
gg8v2S 12

v2

6 f 2
18

v82

v2 D G1Wm8
3B8mF2

1

8
gg8v2S cs8

sc8
1

sc8

cs8
D G

2Wm
3 B8mF1

4
gg8v2

~c822s82 !

2s8c8
G2Wm8

3BmF1

4
gg8v2

~c22s2!

2sc G , ~A30!
where for theWW, BB andWB terms we have included term
up to orderv4/ f 2; these will be necessary in order to find th
masses of the light gauge bosons consistently to this ord

a. Charged gauge bosons

Let us first consider the chargedW,W8 sector. The
chargedW,W8 mass eigenstates, to orderv2/ f 2, are

WL5W1
v2

2 f 2
sc~c22s2!W8,

WH5W82
v2

2 f 2
sc~c22s2!W. ~A31!
r.

The masses ofWL ~light! and WH ~heavy! to the order of
v2/ f 2 are given by

MW
L
6

2
5mw

2 F12
v2

f 2 S 1

6
1

1

4
~c22s2!2D14

v82

v2 G ,

~A32!

MW
H
6

2
5

f 2g2

4s2c2
2

1

4
g2v21O~v4/ f 2!

5mw
2 S f 2

s2c2v2
21D , ~A33!

wheremw[gv/2.
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TABLE III. Three-point couplings of two gauge bosons to one scalar. All particles are the mass e
states.

Particles Vertices Particles Vertices

WLm
1 WLn

2 H
i

2
g2vgmnS12

v2

3f2
WHm

1 WHn
2 H 2

i

2
g2vgmn

1
1

2
~c22s2!2

v2

f2
2

1

2
s0

222A2s0

v8

v D
ZLmZLnH

i

2

g2

cw
2

vgmnS 12
v2

3 f 2
2

1

2
s0

214A2s0

v8

v
ZHmZHnH 2

i

2
g2vgmn

2
1

2
@~c22s2!215~c822s82!2#

v2

f2D AHmAHnH 2
i

2
g82vgmn

WLm
1 WHn

2 H 2
i

2
g2

~c22s2!

2sc
vgmn

ZLmZHnH 2
i

2

g2

cw

~c22s2!

2sc
vgmn

ZLmAHnH 2
i

2

gg8

cw

~c822s82!

2s8c8
vgmn ZHmAHnH 2

i

4
gg8

~c2s821s2c82!

scs8c8
vgmn

WLm
1 WLn

2 F0
2

i

2
g2~s0v22A2v8!gmn

WHm
1 WHn

2 F0 i

2
g2~s0v22A2v8!gmn

WLm
1 WHn

2 F0 i

2
g2

~c22s2!

2sc
~s0v22A2v8!gmn

ZLmZLnF0 2
i

2

g2

cw
2

~vs024A2v8!gmn ZHmZHnF0 i

2
g2Svs01

~c22s2!2

s2c2
A2v8D gmn

ZLmZHnF0 i

2

g2

cw

~c22s2!

2sc
~vs024A2v8!gmn

ZLmAHnF0 i

2

gg8

cw

~c822s82!

2s8c8
~vs024A2v8!gmn

AHmZHnF0 i

4
gg8

1

scs8c8
@~c2s821s2c82!vs0

AHmAHnF0 i

2
g82Svs01

~c822s82!2

s82c82
A2v8D gmn

12A2~c22s2!~c822s82!v8]gmn

WLm
1 ALnF2 0 WHm

1 ALnF2 0

WLm
1 ZLnF2 2i

g2

cw
v8gmn WHm

1 ZLnF2
i
g2

cw

~c22s2!

2sc
v8gmn

WLm
1 AHnF2 2

i

2
gg8

~c822s82!

2s8c8
~vs124v8!gmn WHm

1 AHnF2 2
i

2
gg8

~c2c821s2s82!

scs8c8
v8gmn

WLm
1 ZHnF2

ig2
~c22s2!

2sc
v8gmn

WHm
1 ZHnF2 2ig2

~c41s4!

2s2c2
v8gmn

WLm
1 WLn

1 F22 2ig2v8gmn WHm
1 WHn

1 F22 2ig2
~c41s4!

2s2c2
v8gmn

WLm
1 WHn

1 F22
22ig2

~c22s2!

2sc
v8gmn
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TABLE IV. Three-point couplings of one gauge boson to two scalars. The momenta are assigned a
ing to VmS1(p1)S2(p2). All particles are the mass eigenstates and all momenta are outgoing.

Particles Vertices Particles Vertices

WLm
1 HF2

2
ig

2
~A2s02s1!~p12p2!m

WHm
1 HF2 ig

2

~c22s2!

2sc
~A2s02s1!~p12p2!m

WLm
1 F0F2

2
ig

A2
~p12p2!m

WHm
1 F0F2 ig

A2

~c22s2!

2sc
~p12p2!m

WLm
1 FPF2 g

A2
~p12p2!m

WHm
1 FPF2

2
g

A2

~c22s2!

2sc
~p12p2!m

WLm
1 F1F22 2 ig(p12p2)m WHm

1 F1F22
ig

~c22s2!

2sc
~p12p2!m

ALmHFP 0 AHmHFP 2
1

2
g8

~c822s82!

2s8c8
~sP22s0!~p12p2!m

ALmF0FP 0 AHmF0FP g8
~c822s82!

2s8c8
~p12p2!m

ALmF1F2 2 ie(p12p2)m AHmF1F2 ig8
~c822s82!

2s8c8
~p12p2!m

ALmF11F22 22ie(p12p2)m AHmF11F22 ig8
~c822s82!

2s8c8
~p12p2!m

ZLmHFP 1

2

g

cw
~sP22s0!~p12p2!m ZHmHFP 2

1

2
g

~c22s2!

2sc
~sP22s0!~p12p2!m

ZLmF0FP 2
g

cw
~p12p2!m ZHmF0FP g

~c22s2!

2sc
~p12p2!m

ZLmF1F2 i
g

cw
sw

2 ~p12p2!m ZHmF1F2 O~v2/ f 2!

ZLmF11F22 2i
g

cw
~122sw

2 !~p12p2!m ZHmF11F22
ig

~c22s2!

2sc
~p12p2!m
e

b. Neutral gauge bosons

The four neutral gauge boson mass eigenstates to th
der v2/ f 2 are2

AL5swW31cwB,

ZL5cwW32swB1xZ
W8v

2

f 2
W831xZ

B8v
2

f 2
B8,

AH5B81xH

v2

f 2
W832xZ

B8 v2

f 2
~cwW32swB!,

2We have absorbed a minus sign into the definition ofB in order
to write AL andZL in the standard form.
09500
or-ZH5W832xH

v2

f 2
B82xZ

W8 v2

f 2
~cwW32swB!, ~A34!

where

xH5
5

2
gg8

scs8c8~c2s821s2c82 !

~5g2s82c822g82s2c2!
,

xZ
W852

1

2cw
sc~c22s2!,

xZ
B852

5

2sw
s8c8~c822s82 !. ~A35!

The weak mixing angle is defined as usual:
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TABLE V. Four-point gauge boson-scalar couplings.

Particles Vertices Particles Vertices

WLm
1 WLn

2 HH
i

2
g2gmn1O~v2/ f 2! WHm

1 WHn
2 HH 2

i

2
g2gmn

ZLmZLnHH
i

2

g2

cw
2

gmn1O~v2/ f 2! ZHmZHnHH 2
i

2
g2gmn

AHmAHnHH 2
i

2
g82gmn

WLm
1 WHn

2 HH 2
i

2
g2

~c22s2!

2sc
gmn

ZLmZHnHH 2
i

2

g2

cw

~c22s2!

2sc
gmn

ZLmAHnHH 2
i

2

gg8

cw

~c822s82!

2s8c8
gmn ZHmAHnHH 2

i

4
gg8

~c2s821s2c82!

scs8c8
gmn

WLm
1 WLn

2 HF0 i

2
g2s0gmn

WHm
1 WHn

2 HF0
2

i

2
g2s0gmn

ZLmZLnHF0 3i

2

g2

cw
2

s0gmn ZHmZHnHF0 i

2
g2F11

~c22s2!2

s2c2 Gs0gmn

AHmAHnHF0 i

2
g82F11

~c822s82!2

s82c82 Gs0gmn

WLm
1 WHn

2 HF0
2

i

2
g2

~c22s2!

2sc
s0gmn

ZLmZHnHF0
2

3i

2

g2

cw

~c22s2!

2sc
s0gmn

ZLmAHnHF0 2
3i

2

gg8

cw

~c822s82!

2s8c8
s0gmn ZHmAHnHF0 i

4
gg8

1

scs8c8
@~c2s821s2c82!

12~c22s2!~c822s82!]s0gmn

WLm
1 ALnHF2

2
i

2
eg~s12A2s0!gmn

WHm
1 ALnHF2 i

2
eg

~c22s2!

2sc
~s12A2s0!gmn

WLm
1 ZLnHF2

i

2

g2

cw
@s1sw

2 WHm
1 ZLnHF2

2
i

2

g2

cw

~c22s2!

2sc
@s1sw

2

2A2s0~11sw
2 !]gmn 2A2s0(11sw

2)]gmn

WLm
1 AHnHF2 2

i

2
gg8

~c822s82!

2s8c8
~s122A2s0!gmn WHm

1 AHnHF2
2

i

4
gg8

1

scs8c8
@~c2s821s2c82!s1

1A2(c22s2)(c822s82)s0]gmn

WLm
1 ZHnHF2 i

2
g2

~c22s2!

2sc
s0gmn

WHm
1 ZHnHF2 2

i

2
g2

~c41s4!

2s2c2
s0gmn

WLm
1 WLn

1 HF22 A2ig2s0gmn WHm
1 WHn

1 HF22 A2ig2
~c41s4!

2s2c2
s0gmn

WLm
1 WHn

1 HF22
2A2ig2

~c22s2!

2sc
s0gmn

WLm
1 WLn

2 F0F0 ig2gmn WHm
1 WHn

2 F0F0 2 ig2gmn
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TABLE V. ~Continued!.

Particles Vertices Particles Vertices

ZLmZLnF0F0 2i
g2

cw
2

gmn ZHmZHnF0F0 2ig2
~c22s2!2

4s2c2
gmn

AHmAHnF0F0 2ig82
~c822s82!2

4s82c82
gmn

WLm
1 WHn

2 F0F0
2ig2

~c22s2!

2sc
gmn

ZLmZHnF0F0
22i

g2

cw

~c22s2!

2sc
gmn

ZLmAHnF0F0 22i
gg8

cw

~c822s82!

2s8c8
gmn ZHmAHnF0F0 2igg8

~c22s2!~c822s82!

4scs8c8
gmn

WLm
1 ALnF0F2

2
i

A2
eggmn

WHm
1 ALnF0F2 i

A2
eg

~c22s2!

2sc
gmn

WLm
1 ZLnF0F2

2
i

A2

g2

cw
~11sw

2 !gmn
WHm

1 ZLnF0F2 i

A2

g2

cw

~c22s2!

2sc
~11sw

2 !gmn

WLm
1 AHnF0F2 A2igg8

~c822s82!

2s8c8
gmn WHm

1 AHnF0F2
2

i

2A2
gg8

~c22s2!~c822s82!

scs8c8
gmn

WLm
1 ZHnF0F2 i

A2
g2

~c22s2!

2sc
gmn

WHm
1 ZHnF0F2

2
i

A2
g2

~c41s4!

2s2c2
gmn

WLm
1 WLn

1 F0F22 A2ig2gmn WHm
1 WHn

1 F0F22 A2ig2
~c41s4!

2s2c2
gmn

WLm
1 WHn

1 F0F22
2A2ig2

~c22s2!

2sc
gmn
2 2
sw5
g8

Ag21g82
, cw5

g

Ag21g82
. ~A36!

The neutral gauge boson masses are

MAL

2 50,

MZL

2 5mz
2F12

v2

f 2 S 1

6
1

1

4
~c22s2!2

1
5

4
~c822s82 !2D18

v82

v2 G ,

MAH

2 5
f 2g82

20s82c82
2

1

4
g82v21g2v2

xH

4s2c2

5mz
2sw

2 S f 2

5s82c82v2
211

xHcw
2

4s2c2sw
2 D ,
09500
MZH

2 5
f g

4s2c2
2

1

4
g2v22g82v2

xH

4s82c82

5mw
2 S f 2

s2c2v2
212

xHsw
2

s82c82cw
2 D , ~A37!

wheremz[gv/(2cw). Again, note that theZL mass gets a
correction at orderv2/ f 2.

4. Scalar-fermion couplings: Yukawa interactionsLY

The scalar couplings to the top quark can be taken as@4#

LY5
1

2
l1f e i jkexyx iS jxSkyu38

c1l2f t̃ t̃ 8c1H.c.,

~A38!

where x i5(b3 ,t3 , t̃ ). The factor of 1/2 normalization in
front of l1 makes our notation simpler. Expanding theS
field generates the scalar interactions with quarks:
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TABLE VI. Four-point gauge boson-scalar couplings, continued.

Particles Vertices Particles Vertices

WLm
1 WLn

2 FPFP ig2gmn WHm
1 WHn

2 FPFP 2 ig2gmn

ZLmZLnFPFP 2i
g2

cw
2

gmn ZHmZHnFPFP 2ig2
~c22s2!2

4s2c2
gmn

AHmAHnFPFP 2ig82
~c822s82!2

4s82c82
gmn

WLm
1 WHn

2 FPFP
2ig2

~c22s2!

2sc
gmn

ZLmZHnFPFP
22i

g2

cw

~c22s2!

2sc
gmn

ZLmAHnFPFP 22i
gg8

cw

~c822s82!

2s8c8
gmn ZHmAHnFPFP 2igg8

~c22s2!~c822s82!

4scs8c8
gmn

WLm
1 ALnFPF2 1

A2
eggmn

WHm
1 ALnFPF2 1

A2
eg

~c22s2!

2sc
gmn

WLm
1 ZLnFPF2 1

A2

g2

cw
~11sw

2 !gmn
WHm

1 ZLnFPF2
2

1

A2

g2

cw

~c22s2!

2sc
~11sw

2 !gmn

WLm
1 AHnFPF2 2A2gg8

~c822s82!

2s8c8
gmn WHm

1 AHnFPF2 1

2A2
gg8

~c22s2!~c822s82!

scs8c8
gmn

WLm
1 ZHnFPF2

2
1

A2
g2

~c22s2!

2sc
gmn

WHm
1 ZHnFPF2 1

A2
g2

~c41s4!

2s2c2
gmn

WLm
1 WLn

1 FPF22 2A2g2gmn WHm
1 WHn

1 FPF22 2A2g2
~c41s4!

2s2c2
gmn

WLm
1 WHn

1 FPF22 A2g2
~c22s2!

2sc
gmn

WLm
1 WLn

2 F1F2 2ig2gmn WHm
1 WHn

2 F1F2 2ig2
~c22s2!2

4s2c2
gmn

ZLmZLnF1F2 2i
g2

cw
2

sw
4gmn ZHmZHnF1F2

22ig2
1

4s2c2
gmn

ALmALnF1F2 2ie2gmn AHmAHnF1F2 2ig82
~c822s82!2

4s82c82
gmn

ALmZLnF1F2 22ie
g

cw
sw

2gmn AHmZHnF1F2 O(v2/ f 2)

WLm
1 WHn

2 F1F2
22ig2

~c22s2!

2sc
gmn

ALmAHnF1F2 22ieg8
~c822s82!

2s8c8
gmn

ZLmZHnF1F2 O(v2/ f 2)

ALmZHnF1F2 O(v2/ f 2) ZLmAHnF1F2 2i
gg8

cw

~c822s82!

2s8c8
sw

2gmn

WLm
1 ALnF1F22 3ieggmn WHm

1 ALnF1F22
23ieg

~c22s2!

2sc
gmn
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TABLE VI. ~Continued!.

Particles Vertices Particles Vertices

WLm
1 ZLnF1F22 i

g2

cw
~123sw

2 !gmn WHm
1 ZLnF1F22

2i
g2

cw

~c22s2!

2sc
~123sw

2 !gmn

WLm
1 AHnF1F22 2igg8

~c822s82!

2s8c8
gmn WHm

1 AHnF1F22 2
i

2
gg8

~c22s2!~c822s82!

scs8c8
gmn

WLm
1 ZHnF1F22

2
1

A2
g2

~c22s2!

2sc
gmn

WHm
1 ZHnF1F22 1

A2
g2

~c41s4!

2s2c2
gmn

WLm
1 WLn

2 F11F22 ig2gmn WHm
1 WHn

2 F11F22 2 ig2gmn

ZLmZLnF11F22 2i
g2

cw
2

~122sw
2 !2gmn ZHmZHnF11F22 2ig2

~c22s2!2

4s2c2
gmn

ALmALnF11F22 8ie2gmn AHmAHnF11F22 2ig82
~c822s82!2

4s82c82
gmn

ALmZLnF11F22 4ie
g

cw
~122sw

2 !gmn AHmZHnF11F22 22igg8
~c22s2!~c822s82!

4scs8c8
gmn

WLm
1 WHn

2 F11F22
2ig2

~c22s2!

2sc
gmn

ALmAHnF11F22 24ieg8
~c822s82!

2s8c8
gmn

ZLmZHnF11F22
2i

g2

cw

~c22s2!

2sc
~122sw

2 !gmn

ALmZHnF11F22
4ieg

~c22s2!

2sc
gmn

ZLmAHnF11F22
22i

gg8

cw

~c822s82!

2s8c8
~122sw

2 !gmn
nal
Lt5l2f t̃ t̃ 8c1 il1H 2b3FA2h11
i

f
~A2h2f11

1h0* f1!Gu38
c2t3FA2h01

i

f
~h2f11A2h0* f0!Gu38

c

1 t̃ F2 i f 1
i

f
~h1h21h0h0* 12f11f2212f1f2

12f0f0* !Gu38
cJ 1H.c. ~A39!

This Lagrangian contains a mass term of orderf that couples
t̃ to a linear combination oft̃ 8c andu38

c . Defining mixtures

of t̃ c andu38
c as follows:

t̃ c5
1

Al1
21l2

2 ~l2 t̃ 8c1l1u38
c!,

u3
c5

1

Al1
21l2

2 ~2l1 t̃ 8c1l2u38
c!, ~A40!

diagonalizes the mass term for the heavy fermions:
09500
Lf5 fAl1
21l2

2 t̃ t̃ c52mt̃ t̃ t̃ c. ~A41!

The rest of the Lagrangian reads

Lf52
A2il1

2

Al1
21l2

2 @b3h1 t̃ c1t3h0 t̃ c#2
A2il1l2

Al1
21l2

2 @b3h1u3
c

1t3h0u3
c#1

l1
2

Al1
21l2

2

1

f
@b3~A2h2f111h0* f1! t̃ c

1t3~h2f11A2h0* f0! t̃ c2 t̃ ~h1h21h0h0*

12f11f2212f1f212f0f0* ! t̃ c#

1
l1l2

Al1
21l2

2

1

f
@b3~A2h2f111h0* f1!u3

c1t3~h2f1

1A2h0* f0!u3
c2 t̃ ~h1h21h0h0* 12f11f22

12f1f212f0f0* !u3
c#1O~1/f 2!1H.c. ~A42!

Electroweak symmetry breaking generates additio
mass terms for the fermions:
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TABLE VII. Gauge boson self-couplings.

Particles gWWV Particles gWWV

WL
1WL

2AL 2e WL
1WL

2ZL 2ecw /sw

WL
1WL

2AH
e

sw

v2

f 2
cwxZ

B8 WL
1WL

2ZH
e

sw

v2

f 2
~cwxZ

W81sc~c22s2!!

WL
1WH

2AL 0 WL
1WH

2ZL 2
e

sw

v2

f 2
xZ

W8

WL
1WH

2AH 2
e

sw

v2

f 2
xH

WL
1WH

2ZH 2e/sw

WH
1WH

2AL 2e WH
1WH

2ZL 2ecw /sw

WH
1WH

2AH
e

sw

v2

f 2 S xH

~c22s2!

sc
1cwxZ

B8D WH
1WH

2ZH
e

sw

~c22s2!

sc

Particles gW
1
1W

2
1W

3
2W

4
2 Particles gW

1
1W

2
1W

3
2W

4
2

WL
1WL

1WL
2WL

2 2g2 WL
1WL

1WL
2WH

2 2g2sc(c22s2)v2/4f 2

WL
1WL

1WH
2WH

2 2g2 WL
1WH

1WL
2WH

2 2g2/4

WH
1WH

1WL
2WH

2 g2(c22s2)/2sc WH
1WH

1WH
2WH

2 2g2(c61s6)/s2c2

Particles gV1V2W
1
1W

2
2 Particles gV1V2W

1
1W

2
2

ALALWL
1WL

2 2g2sw
2

ALALWH
1WH

2 2g2sw
2

ZLZLWL
1WL

2 2g2cw
2 ZLZLWH

1WH
2 2g2cw

2

ALZLWL
1WL

2 2g2swcw ALZLWH
1WH

2 2g2swcw

ALAHWL
1WL

2 g2swcwxZ
B8v2/ f 2 ALAHWH

1WH
2 g2swcwxZ

B8v2/ f 2

1g2swxH

v2

f 2
~c22s2!/sc

ALZHWL
1WL

2 g2swcwxZ
W8v2/ f 2 ALZHWH

1WH
2 g2sw(c22s2)/sc

2g2swsc~c22s2!v2/2f 2

ZLZHWL
1WL

2 g2~cw
2 2sw

2 !xZ
W8v2/ f 2 ZLZHWH

1WH
2 g2cw(c22s2)/sc

ZLAHWL
1WL

2 g2cw
2xZ

B8v2/ f 2 ZLAHWH
1WH

2 g2cw
2xZ

B8v2/ f 2

1g2cwxH

v2

f 2
~c22s2!/sc

AHAHWL
1WL

2 O(v4/ f 4) AHAHWH
1WH

2 O(v4/ f 4)

ZHZHWL
1WL

2 2g2 ZHZHWH
1WH

2 2g2(c61s6)/s2c2

ZHAHWL
1WL

2 2g2xHv2/ f 2 ZHAHWH
1WH

2 2g2xH

v2

f2
~c61s6!/s2c2

2g2cwxZ
B8 v2

f 2
~c22s2!/sc
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TABLE VII. ~Continued!.

Particles gWWV Particles gWWV

ALALWL
1WH

2 0 AHAHWL
1WH

2 O(v4/ f 4)

ZLZLWL
1WH

2
22g2cwxZ

W8v2/ f 2 ZHZHWL
1WH

2 g2~c22s2!/sc

ZLALWL
1WH

2
2g2swxZ

W8v2/2f 2 ZHAHWL
1WH

2
g2xH

v2

f2
~c22s2!/sc

1g2cwxZ
B8v2/ f 2

ALAHWL
1WH

2 2g2swxHv2/ f 2 ALZHWL
1WH

2 2g2sw

ZLAHWL
1WH

2 2g2cwxHv2/ f 2 ZLZHWL
1WH

2 2g2cw
l2 v2 il2v

-
bl

th

l v2 l2 1 l2

rst
Lf5F fAl1
21l2

22
1

Al1
21l2

2 2 f G t̃ t̃ c2
1

Al1
21l2

2

3F11
v2

f 2 S 2
1

3
1

f v8

v2 D G t3 t̃ c2
l1l2

Al1
21l2

2

v2

2 f
t̃ u3

c

2
il1l2v

Al1
21l2

2 F11
v2

f 2 S 2
1

3
1

f v8

v2 D G t3u3
c . ~A43!

The factor ofi in the t3u3
c and t3 t̃ c mass terms can be ab

sorbed into a re-phasing of the left-handed quark dou
field; instead we keep it explicitly for simplicity.

After diagonalizing these mass terms, we obtain
physical top quarkt and a new heavy quarkT:

tL5cLt32sL t̃ , tR
c 5cRu38

c2sRt̃ 8c,

TL5sLt31cL t̃ , TR
c 5sRu38

c1cRt̃ 8c,

where

sR5
l1

Al1
21l2

2 F12
v2

f 2

l2
2

l1
21l2

2 S 1

2
1

l1
2

l1
21l2

2D G ,
09500
et

e

cR5
2

Al1
21l2

2 F11
f 2

1

l1
21l2

2 S 2
1

1

l1
21l2

2D G ,

sL52 i
l1

2

l1
21l2

2

v
f F12

v2

f 2 S 5

6
2

f v8

v2
2

1

2

l1
4

~l1
21l2

2!2D G ,

cL512
v2

2 f 2

l1
4

~l1
21l2

2!2
. ~A44!

The corresponding masses are

mt5
il1l2

Al1
21l2

2 vH 11
v2

f 2 F2
1

3
1

f v8

v2
1

1

2

l1
2

l1
21l2

2

3S 12
l1

2

l1
21l2

2D G J ,

MT52 fAl1
21l2

2@11O~v2/ f 2!#. ~A45!

The scalar interactions with the up-type quarks of the fi
two generations take the same form as in Eq.~A38!, except
that there is no need for the extra vectorlike quarkst̃ , t̃ 8c.
The interactions with the down-type quarksdc and leptons of
ction
TABLE VIII. Charged gauge boson-fermion couplings. They are purely left-handed, and the proje
operatorPL5(12g5)/2 is implied. HerexL[l1

2/(l1
21l2

2).

Particles Vertices Particles Vertices

WL
1mūLdL

ig

A2
F12

v2

2 f 2
c2~c22s2!GgmVud

SM WH
1mūLdL 2

ig

A2

c

s
gmVud

SM

WL
1m t̄ LbL

ig

A2
F12

v2

f 2
~

1
2 xL

21
1
2 c2~c22s2!!GgmVtb

SM WH
1m t̄ LbL 2

ig

A2

c

s
gmVtb

SM

WL
1mT̄LbL

g

A2

v
f

xLgmVtb
SM WH

1mT̄LbL 2
g

A2

v
f

xL

c

s
gmVtb

SM
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TABLE IX. Neutral gauge boson-fermion couplings. TheU(1) charge assignments are given in Table I. Anomaly cancellation requ
yu522/5 andye53/5.

Particles gV gA

AL f̄ f eQf 0

ZLūu
g

2cw
H S 1

2
2

4

3
sw

2 D 1
v2

f 2 F cwxZ
W8c/2s1

swxZ
B8

s8c8
S 2yu1

7

15
2

1

6
c82D G J g

2cw
H 2

1

2
1

v2

f 2 F2cwxZ
W8c/2s1

swxZ
B8

s8c8
S 1

5
2

1

2
c82D G J

ZLd̄d
g

2cw
H S 2

1

2
1

2

3
sw

2 D 1
v2

f 2 F2cwxZ
W8c/2s

g

2cw
H 1

2
1

v2

f 2 FcwxZ
W8c/2s

1
swxZ

B8

s8c8
S 2yu1

11

15
1

1

6
c82D G J 1

swxZ
B8

s8c8
S 2

1

5
1

1

2
c82D G J

ZLēe
g

2cw
H S 2

1

2
12sw

2 D 1
v2

f 2 F2cwxZ
W8c/2s1

swxZ
B8

s8c8
S 2ye2

9

5
1

3

2
c82D G J g

2cw
H 1

2
1

v2

f 2 F cwxZ
W8c/2s1

swxZ
B8

s8c8
S 2

1

5
1

1

2
c82D G J

ZLn̄n
g

2cw
H 1

2
1

v2

f 2 FcwxZ
W8c/2s

g

2cw
H 2

1

2
1

v2

f 2 F2cwxZ
W8c/2s

1
swxZ

B8

s8c8
S ye2

4

5
1

1

2
c82D G J 1

swxZ
B8

s8c8
S 2ye1

4

5
2

1

2
c82D G J

ZL t̄ t
g

2cw
H S 1

2
2

4

3
sw

2 D 1
v2

f 2 F2xL
2/21cwxZ

W8c/2s
g

2cw
H 2

1

2
1

v2

f 2 FxL
2/22cwxZ

W8c/2s

1
swxZ

B8

s8c8
S 2yu1

9

5
2

3

2
c821S 7

15
2

2

3
c82D l1

2

l1
21l2

2D G J 1
swxZ

B8

s8c8
S 1

5
2

1

2
c822

1

5

l1
2

l1
21l2

2D G J
ZLT̄T 22gsw

2 /3cw O(v2/ f 2)

ZLT̄t 2 igxLv/4f cw igxLv/4f cw

AHūu
g8

2s8c8
S2yu1

17

15
2

5

6
c82D g8

2s8c8
S15 2

1

2
c82D

AHd̄d
g8

2s8c8
S2yu1

11

15
1

1

6
c82D g8

2s8c8
S21

5
1

1

2
c82D

AHēe
g8

2s8c8
S2ye2

9

5
1

3

2
c82D g8

2s8c8
S21

5
1

1

2
c82D

AHn̄n
g8

2s8c8
Sye2

4

5
1

1

2
c82D g8

2s8c8
S2ye1

4

5
2

1

2
c82D

AH t̄ t
g8

2s8c8
S2yu1

17

15
2

5

6
c822

1

5

l1
2

l1
21l2

2D g8

2s8c8
S1

5
2

1

2
c822

1

5

l1
2

l1
21l2

2D
AHT̄T

g8

2s8c8
S2yu1

14

15
2

4

3
c821

1

5

l1
2

l1
21l2

2D g8

2s8c8

1

5

l1
2

l1
21l2

2

AHT̄t
g8

2s8c8

1

5

l1l2

l1
21l2

2

g8

2s8c8

1

5

l1l2

l1
21l2

2

ZHūu gc/4s 2gc/4s

ZHd̄d 2gc/4s gc/4s

ZHēe 2gc/4s gc/4s

ZHn̄n gc/4s 2gc/4s
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TABLE IX. ~Continued!.

Particles gV gA

ZH t̄ t gc/4s 2gc/4s

ZHT̄T O(v2/ f 2) O(v2/ f 2)

ZHT̄t gxL

v
f

c/4s 2gxL

v
f

c/4s
ia

u

di
da
nd

to
di
e
f

t
ce

r

u
er
gs

n

d

ust
t

of
er
the three generations are generated by a similar Lagrang
again without the extra quarks, and can be written as

LY5
1

2
ldf e i jkexyx iS jx* Sky* dc1H.c. ~A46!

with the isospin indexi 51,2 only, and similarly for the lep-
tons.

5. Fermion kinetic terms LF

The fermion gauge interactions take the generic form

LF5(
f

c̄ f ig
mDmc f , f 5flavor and chirality,

~A47!

Dm5]m2 i (
j 51

2

~gjWj m1gj8Bj m!, ~A48!

whereWj5Wj
aQa andBj5BjYj .

The Lagrangian must be gauge invariant under the ga
groups @SU(2)^ U(1)#1^ @SU(2)^ U(1)#2. In particular,
the gauge invariance of the scalar couplings to fermions
cussed in the previous section requires that the stan
model quark and lepton doublets transform as doublets u
SU(2)1 and as singlets underSU(2)2.

Because all the standard model fermions except the
quark have small Yukawa couplings, their quadratically
vergent contributions to the Higgs mass do not constitut
hierarchy problem if the cutoffLS is around a few tens o
TeV. Thus, in the littlest Higgs model one does not have
introduce extra vectorlike quarks to cancel the divergen
due to the first two generations of quarks or theb quark, or
due to any of the leptons. Thus, except for the top qua
there will be no mixing between theSU(2) doublet fermions
and vector fermions. We first write down the gauge co
plings to all fermions except the top quark; we will lat
write the top quark and vectorlike quark gauge couplin
including the mixing.

The SU(2)1 gauge couplings to SM fermions are give
by

L5g1W1m
a Q1

aQ̄LgmQL5g1~W1m
1 J1m1W1m

2 J2m1W1m
3 JW

1
3

m
!,

~A49!

where the charged and neutral currents are
09500
n,

ge

s-
rd
er

p
-
a

o
s

k,

-

,

J1m5
1

A2
ūLgmdL , J2m5

1

A2
d̄LgmuL ,

JW
1
3

m
5Q̄Lgm~2T3!QL52JW3

m , ~A50!

where W1
65(W1

16 iW1
2)/A2, and similarly for the lepton

doublet.

a. Charged currents

The couplings of theWL
6 andWH

6 gauge bosons are foun
by writing g1W1

6 in terms of the mass eigenstates:

g1W15gWLF12
v2

2 f 2
c2~c22s2!G

2g
c

s
WHF11

v2

2 f 2
s2~c22s2!G , ~A51!

and inserting this expression into Eq.~A49! above.
For the gauge couplings involving the top quark, we m

include the mixing betweent3 and t̃ . The charged curren
gets modified as follows:

J1m5
1

A2
@cL t̄ LgmbL1sLT̄LgmbL#. ~A52!

Because of the mixing of theSU(2) doublet statet3 into
the heavier mass eigenstateTL as a result of EWSB, the
CKM matrix involving only the usual three generations
quarks is no longer unitary; it deviates from unitarity at ord
(v2/ f 2). The modification is as follows:

Vtb5cLVtb
SM5Vtb

SMS 12
v2

2 f 2

l1
4

~l1
21l2

2!2D
5Vtb

SMS 12
1

2

l1
2

l2
2

mt
2

MT
2D ,

VTb5sLVtb
SM52 iVtb

SM
l1

2

l1
21l2

2

v
f

5Vtb
SMl1

l2

mt

MT
.

~A53!
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TABLE X. Scalar-fermion couplings.

Particles Vertices Particles Vertices

Hūu 2i
mu

v S12
1

2
s0

21
v
f

s0

A2
2

2v2

3 f 2 D Hd̄d 2i
md

v S12
1

2
s0

21
v
f

s0

A2
2

2v2

3 f 2 D
H t̄ t 2i

mt

v F12
1

2
s0

21
v
f

s0

A2
2

2v2

3 f 2
HT̄T 2i

l1
2

Al1
21l2

2 S 11
l1

2

l1
21l2

2D v

f

1
v2

f 2

l1
2

l1
21l2

2 S 11
l1

2

l1
21l2

2D G
HT̄t

mt

v

v

f S11
l1

2

l1
21l2

2DPR1
l1

2

Al1
21l2

2
PL H t̄T 2

mt

v

v

f S11
l1

2

l1
21l2

2DPL2
l1

2

Al1
21l2

2
PR

HH t̄ t i
2mt

f2 F12
2fv8

v2
2

1

2

l1
2

l1
21l2

2G HHT̄T 2
i

f

l1
2

Al1
21l2

2

HHT̄t 2
2v

f2

l1
2

Al1
21l2

2 F12
2 f v8

v2
2

1

2

l1
2

l1
21l2

2GPL HH t̄T
2v

f2

l1
2

Al1
21l2

2 F12
2 f v8

v2
2

1

2

l1
2

l1
21l2

2GPR

1
mt

v f
PR 2

mt

v f
PL

F0ūu 2
imu

A2v
S v

f
2A2s0D F0d̄d 2

imd

A2v
S v

f
2A2s0D

FPūu 2
mu

A2v
S v

f
2A2sPDg5 FPd̄d

md

A2v
S v

f
2A2sPDg5

F1ūd 2
i

A2v
~muPL1mdPR!S v

f
22s1D F2d̄u 2

i

A2v
~muPR1mdPL!S v

f
22s1D

F0T̄t 2
imt

A2v
S v

f
2A2s0Dl1

l2
PL F0 t̄ T 2

imt

A2v
S v

f
2A2s0Dl1

l2
PR

FPT̄t
mt

A2v
S v

f
2A2s0Dl1

l2
PL FPt̄T

mt

A2v
S v

f
2A2s0Dl1

l2
PR

F1T̄b 2
imt

A2v
S v

f
22s1Dl1

l2
PL F2b̄T 2

imt

A2v
S v

f
22s1Dl1

l2
PR
m
is
um

ar
-

am

es
ra-

ke
d up

m
arks

the
b. Neutral currents

The neutral gauge boson couplings to fermions are so
what more complicated, since they depend on both the
spin and the hypercharge of the fermions. The quantum n
bers of the fermion fields underU(1)1^ U(1)2 are deter-
mined by requiring that the scalar couplings to fermions
gauge invariant, using theU(1) quantum number assign
ments of theS fields specified byY1 andY2. The resulting
hypercharges are given in Table I in terms of the free par
etersyu andye . If one further requires that both of theU(1)
gauge groups are anomaly free, thenyu522/5 and ye
53/5.
09500
e-
o-

-

e

-

Note that the hypercharge assignments ofu8c and t̃ 8c are
different, so that thetR

c andTR
c mass eigenstates are mixtur

of states of different hypercharge. For the first two gene
tions of quarks there is no mixing with an extra vectorli
quark, so the hypercharges of the right-handed charm an
quarks are equal to those ofu8c. In particular, the hyper-
charge of the right-handed top quark is now different fro
the hypercharges of the right-handed charm and up qu
under the twoU(1) groups.

The neutral gauge boson couplings to fermions take
form
4-28
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L52g1W1m
3 JW3

m
1g18B1mJB1

m 1g28B2mJB2

m , ~A54!

whereJB1,2

m 5 f̄ gmY1,2f , with Y1,2 given in Table I. The cou-

plings of the neutral gauge boson mass eigenstatesAL , ZL ,
AH andZH are given by

L5ALmeJEM
m 1AHmg8

~2c82JB1

m 1s82JB2

m !

s8c8
1ZHmg

c

s
JW3

m

1ZLm

g

cw
H ~JW3

m
2sw

2JEM
m !1

v2

f 2 F cwxZ
W8

c

s
JW3

m

1swxZ
B8

~2c82JB1

m 1s82JB2

m !

s8c8
G J , ~A55!

where the mixing coefficientsxZ
W8 , xZ

B8 , andxH are given in
Eq. ~A35!. The electromagnetic current isJEM

m 5JW3
m

1JB1

m

1JB2

m ; note that the photon coupling to chargeQ5T31Y1

1Y2 is not modified from its SM value. TheZL boson cou-
pling gets modified from its SM form, (g/cw)(T32sw

2Q), by
terms of orderv2/ f 2. Finally, theAH and ZH couplings to
fermions are essentially those ofB8 and W83, respectively,
up to terms of orderv2/ f 2 that we have neglected here.

The mixing between fermions with differentSU(2)
^ U(1) quantum numbers~i.e., t3 and t̃ ) will lead to flavor
changing neutral currents mediated by theZL boson. The
flavor-preserving gauge couplings will also be anomalou
orderv2/ f 2 because of the mixing.

6. Gauge kinetic termsLG

The gauge kinetic terms take the standard form:

LG52
1

4 (
j 51

2

~Wja
mnWj mn

a 1Bja
mnBj mn

a !. ~A56!

These terms yield 3- and 4-particle interactions among
SU(2) gauge bosons. Of course, theU(1) gauge bosons
have no self-couplings or couplings to theSU(2) gauge
bosons. The explicit couplings are listed in Appendix B.

APPENDIX B: FEYNMAN RULES: INTERACTION
VERTICES

For the convenience of further phenomenological exp
ration, we list the Feynman rules of the interaction vertices
B

e

e-

09500
at

e

-
n

unitary gauge among the new scalar sector, the new ga
bosons, the new vectorlike fermion and the SM particles.
particles are the mass eigenstates. In the Feynman rule
particles are assumed to be outgoing, and we adopt the
vention Feynman rule5 iL.

1. Couplings between gauge bosons and scalars

a. Three-point vertices are given in Tables III and IV.
b. Four-point vertices are given in Tables V and VI.
c. Gauge boson self-interactions:
The gauge boson self-couplings are given as follows, w

all momenta outgoing. The three-point couplings take
form

V1
m~k1!V2

n~k2!V3
r~k3!: igV1V2V3

@gmn~k12k2!r

1gnr~k22k3!m1grm~k32k1!n].

~B1!

The four-point couplings take the form

W1
1mW2

1nW3
2rW4

2s : 24igW
1
1W

2
1W

3
2W

4
2~2gmngrs2gmrgns

2gnrgms),

V1
mV2

nW1
1rW2

2s : 4igV1V2W
1
1W

2
2~2gmngrs2gmrgns

2gnrgms). ~B2!

The coefficientsgV1V2V3
, gV1V2W

1
1W

2
2 and gW

1
1W

2
1W

3
2W

4
2 are

given in Table VII.

2. Couplings between gauge bosons and fermions

The couplings between gauge bosons and fermions
given in Tables VIII and IX. The charged gauge boson co
plings to fermions in Table VIII are all left-handed, and th
projection operatorPL5(12g5)/2 is implied. We define
xL[l1

2/(l1
21l2

2) to shorten the notation.
For the neutral gauge bosons in Table IX, we write t

couplings to fermions in the formigm(gV1gAg5). The fer-
mion charge assignments under the twoU(1) groups are
given in Table I, requiring only gauge invariance of th
scalar-fermion couplings in Eq.~24! for the top quark and
similar equations for the other fermions. The additional
quirement that the twoU(1) groups be anomaly-free fixe
yu522/5 andye53/5.

3. Couplings between scalars and fermions

The scalar-fermion couplings are listed in Table X.
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